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PROF. J. R. PATADIA:
A CONSCIENTIOUS HARD WORKER

N. K. THAKARE

The period from 2004 to 2008 was full of calamities for the Indian

Mathematical Society. We lost Prof. H. C. Khare, Prof. R. P. Agarwal

and Prof. M. K. Singal during this period. They were the senior most

office bearers of IMS who were involved in reviving and reinvigorating the

IMS in eighties and nineties of the 20th century. The posts of Editors of

Mathematics Student, General Secretary, Editor of Journal of IMS became

vacant. The mantle of handling this grave situation fell singularly on Late

Professor V. M. Shah. And Prof. Shah took the decision with the help of

other colleagues to request Prof. J. R. Patadia (JRP) of the M. S. University

of Baroda, Vadodara to shoulder the onerous responsibility of the editor

of the Mathematics Student. I was told he was reluctant to accept the

said responsibility. But being a direct student of Prof. Shah, Prof. Patadia

ultimately gave in and took over the editorship of the Mathematics Student

(MS) around 2004. The publication status of The Mathematics Student

(MS) during those days was alarming. This is revealed by the fact that

2000 volume of MS was published in 2019 so as to bridge the gap in the

process of publication of all the volumes of MS from 2000 to 2019. That

was also possible solely because of the hard work of Prof. Patadia. It

involved some copyright issues as the papers accepted in the said volume

were not at all published before 2019 and a few authors opted for publishing

their work in other periodicals. During those days, the complete procedure

of publication was offline. It used to take lot of energy, much finances

and inordinate delay. Everything was more or less handled through postal

service which is significantly nicknamed as snail’s mail. There was long

backlog almost of several years in acceptance for publication of an article

and in its actual publication.

c© Indian Mathematical Society, 2019 .
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2 N. K. THAKARE

In such a scenario JRP took over the editorship of MS. He worked

very hard then so as to reduce the backlog of accepted articles. He almost

succeeded in doing so. In the meantime I was asked by the IMS council to

work as the editor of the Journal of IMS from April 1, 2007. With moral

support from Prof. V. M. Shah, the then General Secretary, I decided

to opt for online handling of the process of publication. After a year or

two Prof. Patadia also opted for online handling of the publication of

MS. This approach helped us to do away with any backlog of accepted

papers. Today the situation is such that the hard copies of MS and JIMS

are available much in advance; the online content of both the periodicals

is certainly available much before the publication of hard copies meant for

subscribers. With the insistence of Prof. Patadia many changes in the

format of MS were effected. The first major change was doing away with

publishing in MS of the abstracts of papers accepted for presentation in the

annual conference of IMS every year. It resulted in qualitative upgradation

of MS as a research journal targetted to students, teachers and upcomming

researchers. In fact, I am tempted to quote what Professor Bruce Bernt

wrote in the year 2013 in one of his communications to the MS:

“Quote:

Dear Professor Patadia, I have a question that I have been meaning to

ask for at least 5 years. The name of the journal, Mathematics Student,

would seemingly indicate that the journal is aimed at students. However,

the content of the issues I have seen in the past several years demonstrate

that the journal is a research level journal with no appeal to students.

Since, to the best of my knowledge, the Indian Mathematical Society has

no such journal for students nor is there any such journal published in

India; I suggest that the Indian Mathematical Society seriously address this

deficiency, if they have (not) already done so in the Year of Mathematics

in India just completed.”

Subsequently with the strong support of IMS council and Prof. Bruce

C. Berndt he effected long lasting and fruitful changes in the format of

the MS. Now MS is more or less divided into neat four to five sections.

Important among them are

(i) Section of IMS Presidential Addresses, Texts of Plenary talks, Texts

of Various Memorial Award Lectures named after S. Ramanujan, P. L.

Bhatnagar, Hansraj Gupta, Ramaswamy Aiyer and Ganesh Prasad.
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(ii) Expository Articles, Classroom Notes etc.

(iii) Research papers

(iv) Problems and Solutions (Added during the tenure of JRP, with

vital support from Prof. B. Sury and the Editorial Board of the MS).

The format now looks more like an international standard. In par-

ticular, the Problems and Solutions section involves lot of hard work and

involving many talented mathematicians from all over the world. But Pro-

fessor Patadia left no stone unturned so as to make MS a periodical of

international standard. And in this context let me recall the following de-

velopment in seeking approval of UGC for inclusion of MS in their list of

research periodicals. For last few years UGC prepares a list of research

periodicals with a view to keep fake journals at bay. Because of some con-

ditions inherent in the promotion of teachers from colleges and universities

for higher position and grades a bountiful number of journals have come

up with a view to mint money. Such journals are generally termed as paid

journals. In 2016-17 unfortunately for the IMS the CARE (Consortium of

Academic and Research Ethics for the creation and maintenance of Refer-

ence list of quality journals) list did not include MS. It was a great moral

setback to the IMS as we do not charge page charges for publication of ar-

ticles in both the periodicals. Moreover, the MS is being published online

and is freely available on the website of the IMS. Online copies are also

sent to life members whose e-mail addresses are available with IMS. The

onerous assignment of getting MS included in the CARE list of UGC was

entrusted to Professor Patadia. And he worked so relentlessly and ardu-

ously for several days and months that we are now in a happy situation

that MS finds its place of honour in the CARE list of the UGC that is

published on June 14, 2019. The credit for this, singularly, belongs to him.

In addition to the duties of editing of MS, Professor Patadia was instru-

mental in creating and maintaining IMS website at Vadodara. It involves

lots of relevant work such as (i) maintaining uptodate list of life members of

IMS, (ii) assigning unique number to each life member, (iii) sending online

text of MS to all the life members of MS, (iv) uploading and updating IMS

Library catalogue on our website, and such things. He worked very hard

to get the photographs of the Founder Members and photographs of all

Presidents of IMS save for one exception. He has put all this on the IMS

website for use of future generations. Even the news that appeared in 1907
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in the Hindu of founding the IMS was obtained by him. A noncomputer

man learnt HTML (at the age of 65 or so) on his own and keeps the IMS

website updated is unprecedented. We are thankful to him for all his ef-

forts. Though he refused the editorship of MS from April 1, 2019, he is still

working relentlessly so as to include MS in the list of SCOPUS, which is the

largest abstract and citation database of peer-reviewed literature: scientific

journals, books and conference proceedings. It is updated everyday.

We salute this Gandhian Mathematician for his yeoman services to the

IMS and wish him good health and long life. Also, let me end by making

note of the fact that, the IMS council had decided to dedicate volume 88,

Part-II (2019) of MS in his honour which he flatly refused and ultimately

IMS Council respectfully honoured his desire by concurring with his re-

quest.

Acknowledgement: The author thanks Prof. S. K. Nimbhorkar, Prof.

M. M. Shikare for fruitful suggestions.

N. K. Thakare

The First Vice Chancellor of the North Maharashtra University, Jalgaon,

and

Retired Head and Professor of Mathematics (Lokmanya Tilak Chair), Pune

University; also the Past President and the Past General Secretary of IMS

E-mail: nkthakare@gmail.com

mailto:nkthakare@gmail.com


The Mathematics Student ISSN: 0025-5742

Vol. 88, Nos. 3-4, July-December (2019), 05–16

EUCLIDEAN PLANE GEOMETRY SUFFICES TO
VISUALIZE THE STANDARD DEVIATION

JYOTIRMOY SARKAR AND MAMUNUR RASHID

(Received : 10 - 11 - 2018 ; Revised : 20 - 06 - 2019)

Abstract. We present a vertical line method of equalizing the areas

of two sets of rectangles in order to visualize the mean, the MD and

the SD of a set of numbers or of a random variable (RV). Our method

utilizes the (empirical) cumulative distribution function [(E)CDF] F

of the data or of the RV, the (E)CDF G of the deviations and the

(E)CDF H of the (normalized) squared deviations, all of which are

constructed using only Euclidean plane geometry. We hope that our

method will help readers enhance their intuition about these concepts,

and approximate their values fast.

1. Introduction
The two most important concepts in probability and statistics are the

measures of center and spread for a set of numbers, or for a random variable

(RV). Scholars in almost all quantitative fields of study need to know these

concepts. While most users can compute the mean and the SD, and many

understand the mean quite well, the SD is not fully understood. We offer

to help users comprehend these concepts better by letting them see these

quantities using only two-dimensional Euclidean geometry. We also wish

to inspire post-graduate students to extend these ideas to visualize other

related concepts.

We first replace the guessing method to visualize the mean as a measure

of center, given in [4], by an exact two-dimensional Euclidean geometric

method; and then extend that method to visualize also the mean devia-

tion (MD) and the standard deviation (SD) as measures of spread, still

remaining within the scope of Euclidean plane geometry.

We use the following example for illustration.

2010 Mathematics Subject Classification: 62-01, 62-09.

Key words and phrases: Arithmetic mean, geometric mean, mean proportional, root

mean squared deviation, third proportional, Pythagorean theorem.

c© Indian Mathematical Society, 2019 .
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6 JYOTIRMOY SARKAR AND MAMUNUR RASHID

Example 1. Let X denote the number of distinct values obtained by

rolling a fair, six-faced die until a value shows up a second time. This

experiment was replicated five times to obtain the following values of X:

4, 1, 2, 6, 2; which after sorting became: 1, 2, 2, 4, 6. The data have mean

3, MD 1.6 and SD 2.

2. Visualizing the mean by guessing
The (arithmetic) mean or the average is the most common measure of

center. The mean of a set of n numbers {x1, x2, . . . , xn} is defined by

x̄ = (1/n)
∑n

i=1
xi (2.1)

See [2] for a discussion on students’ understanding of the mean; and see [1]

for another measure of center—the median.

Equation (2.1) is equivalent to
∑n

i=1(xi − x̄) = 0. Hence, the mean

is typically interpreted as the location of a fulcrum that balances the dot

plot. See [7], for example. Fig. 1 depicts the fulcrum under the dot plot of

the data in Example 1.

Fig. 1. The mean is a fulcrum under a dot plot that balances it.

Nonetheless, finding the location of the fulcrum without actually computing

it remains only a guessing game—quite instructive, albeit prone to occa-

sional mistakes. A better guessing method is given in [4], which we will

recall here, since it is the starting point for developing a two-dimensional

Euclidean geometric method of visualizing the mean, which involves no

guessing at all!

Consider the empirical cumulative distribution function (ECDF) of the

data given by y = F (x) = N(x)/n, where N(x) is the number of values

among the set of n numbers that are at most x. On the ECDF of the data

in Example 1, shown in Fig. 2, we superimpose a vertical line so that the

Fig. 2. The mean is a vertical line on the ECDF that equalizes the shaded areas.
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area to the left of the vertical line and bounded by the ECDF and the

horizontal line y = 0, is equal to the area to the right of the vertical line

and bounded by the ECDF and the horizontal line y = 1. These two areas

are shaded.

Why does this vertical line method work? We convert the ECDF into

a collection RF of at most n rectangles as shown in Fig. 3(a) for the data

in Example 1. Next, we reflect them about the line y = x to obtain tall

rectangles in Fig. 3(b), showing the inverse-ECDF. Finally, we ‘average’

the heights of these tall rectangles. See details in [5].

Fig. 3. The family of rectangles RF formed by (a) the ECDF and (b) the
inverse-ECDF, together with the mean line that equalizes the areas to its two sides.

3. Visualizing the mean without guessing

Let us return to the ECDF F of Fig. 2. Papers [4], [5], [6] advocate

guessing the location of the vertical line, to be superimposed on the ECDF,

in order to equalize the areas of the shaded regions. But here we want to

exhibit that, in fact, no guessing is necessary! There is an exact Euclidean

construction to find this vertical line, which essentially uses the following

construction repeatedly.

Construction 3.1 (Euclidean Addition of Two Rectangles). To convert

two left aligned and vertically stacked rectangles into a single rectangle hav-

ing the same total area and having a height equal to the sum of the heights

of the given rectangles.

Proof. Let the given rectangles PQRS and STUV be in natural orientation

(with sides parallel to the edges of the paper), left aligned and vertically

stacked as in Fig. 4. on the next page. Let lines QR and UV intersect at
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Fig. 4. Converted two left aligned, stacked rectangles a× b and c× d
into a single rectangle x× (b + d) such that ab + cd = x(b + d).

M so that |RM | = |TU | = |SV | = d; and let lines UT and PQ intersect

at N so that |TN | = |RQ| = |SP | = b. We draw NM , cutting RT at W .

Through W , we draw a line parallel to PV cutting line PQ at X and line

UV at Y . Below we prove that PXY V is the desired rectangle.

Triangles RWM and TWN are similar, implying that |RW | · |TN | =

|TW | · |RM |, or |RW | · |RQ| = |TW | · |TU |. Hence, (the shaded) rectangles

RQXW and TUYW have equal areas. Adding the areas of rectangles

PQRS and SWY V to each of the shaded rectangles RQXW and TUYW ,

we see that the area of rectangle PXY V equals the total area of rectangles

PQRS and STUV , or ab+ cd.

Note that the height of the combined rectangle PXY V is |UN |=|QM |=
|PV |= b+ d, and the width is |PX|=|SW |=(ab+cd)/(b+d)=x. �

Construction 1 converts two rectangles PQRS and STUV into a single

rectangle PXY V , which we will denote by PQRS ⊕ STUV . To convert

three or more left-aligned, stacked rectangles into a single rectangle having

the same total area and the same total height of the given rectangles, we

can apply Construction 1 repeatedly to combine pairs of adjacent rectangles

(in any order). The final answer does not depend on the order in which

the rectangles are joined together. We leave it to the interested reader to

verify this claim.

4. Visualizing the MD
The deviations of the n given numbers from their mean are di = |xi− x̄|

for i = 1, 2, . . . , n. While the average of all differences from the mean is

always 0, the average of all deviations from the mean is called the mean

deviation (MD), and is given by

MD = (1/n)
∑n

i=1
|xi − x̄| = (1/n)

∑n

i=1
di (4.1)
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The MD, being an average, can be guessed either by the fulcrum method

applied to the dot plot of the deviations; or it can be found from the ECDF

G of the deviations. In fact, since the ECDF F of the given numbers is

already drawn, one can simply reflect the portion of F to the left side of

the vertical line x = x̄ at the mean, about that line, with the reflection

falling on the right side of this vertical line. See Fig. 5(a). Although not

absolutely essential, it is a good practice to sort the rectangles in increasing

order of width from bottom to top, and thereby construct the ECDF G of

the deviations. See Fig. 5(b). Note that both constructions—drawing the

reflection about a line and sorting the rectangles—are doable using only

Euclidean plane geometric methods.

To find the MD, we superimpose on the ECDF G another vertical line

that equalizes the areas to its left and to its right as shown in Fig. 5(b).

This vertical line can be found either by guessing, or by using Construc-

tion 1 repeatedly: After naming the rectangles in Fig. 5(b) as S1, S2, S3,

we combine them in the order S1 ⊕ (S2 ⊕ S3) in Fig. 5(c).

Fig. 5. (a) Deviations from the mean are obtained by reflecting the ECDF about
the line x = x̄. (b) The MD is a ‘guessed’ vertical line that equalizes the areas of
the shaded regions, after sorting the deviations. (c) The MD line is obtained, not

by guessing, but by using Construction 1 repeatedly.

5. Visualizing the SD
The mean squared deviation (MSD) from the mean for a set of numbers

is defined by

s̃2 = (1/n)
∑n

i=1
(xi − x̄)2 = (1/n)

∑n

i=1
d2i (5.1)

while the sample variance of the same set of numbers is defined by

s2 = (1/(n− 1))
∑n

i=1
(xi − x̄)2 = (1/(n− 1))

∑n

i=1
d2i (5.2)

Taking the positive square root of (5.1) and (5.2), we obtain s̃ and s,

respectively the root mean squared deviation (RMSD) from the mean and

the sample standard deviation (SD) of a set of given numbers. See [5] for

interpretations of the RMSD and the SD as the radii of cylinders, or widths
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of many other 3-D objects. Also, see [6] for visualizing the RMSD and the

SD using the graph of a parabola, which is clearly a non-Euclidean method.

We, on the other hand, present below a two-dimensional Euclidean method

of visualizing the RMSD and the SD in three steps.

Step 1 (Scaled MSD). Let R be a fixed positive length: We choose

R to be the largest deviation from the mean. Starting from the ECDF G

of the deviations {di}, we construct the ECDF H of normalized squared

deviations, given by vi = d2i /R, using Euclidean Construction 2.

Construction 5.1 (Third Proportional). Given two line segments of length

a and b, find a third line segment of length c such that a : b = b : c. In fact,

c = b2/a is called the third proportional following a and b, in that order.

Fig. 6. For a, b > 0, construction of the third proportional c, after choosing
the point P (a) anywhere not on OA, or (b) vertically below B.

Proof. Let O,B,A be collinear points such that |OA| = a, |OB| = b. We

want to find another point C on line OA such that |OC| = c and a : b =

b : c. Take any point P not on line OA. Draw lines PO,PA, PB. Draw

a line through B parallel to AP , cutting OP at Q. Draw a line through

Q parallel to BP cutting OA at C. Then the similarity of triangles OAP

and OBQ implies that |OA| : |OB| = |OP | : |OQ|. Next, the similarity of

triangles OBP and OCQ implies that |OB| : |OC| = |OP | : |OQ|. Hence,

|OA| : |OB| = |OB| : |OC|. �

Remark 5.1 (A special choice of P ). Although P can be any point not on

line OA, in our application below we choose P such that PB is perpendic-

ular to OA. See Fig. 6(b).

The ECDF G of the deviations form a collection RG of rectangles whose

widths equal the deviations and heights equal 1/n (or a multiple thereof).

We repeatedly apply Euclidean Construction 2 always choosing a = R, the

largest deviation, and choosing b equal to each deviation di one by one.

The third proportional corresponding to each second number di (the first
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number always being R), is a normalized squared deviation vi = d2i /R. We

now construct the ECDF H of the normalized squared deviations simply

by shortening the widths of the rectangles in RG from di to vi = d2i /R,

still keeping them left aligned at 0 and without changing their heights, to

obtain the rectangles in RH . See Fig. 7(a)-(b).

On the ECDF H, we superimpose a vertical line v = v̄ that equalizes

the areas to its left and to its right [or we apply Construction 1 repeatedly]

to get the mean v̄ of these normalized squared deviations {vi}. Indeed, in

view of (5.1), we have

v̄ = (1/n)
∑n

i=1
(d2i /R) = (s̃2/R) (5.3)

Fig. 7. (a) ECDF H of the normalized squared deviations v = d2/R for the data in
Example 1 obtained using Construction 2 and starting from ECDF G of deviations.
(b) The mean vertical line v = v̄ that equalizes the shaded areas obtained thereafter.

Step 2 (Unscaled RMSD). Rewriting (5.3), we express the RMSD

of a data set as

s̃ =
√
v̄ R (5.4)

To obtain the RMSD geometrically, we use Construction 3.

Construction 5.2 (Mean Proportional). Given two line segments of lengths

a and b, find an intermediate line segment of length g such that a : g = g : b,



12 JYOTIRMOY SARKAR AND MAMUNUR RASHID

or g =
√
ab. In fact, g is called the mean proportional between a and b (or

the geometric mean of a and b), in either order.

We came across several equivalent constructions of g, all of which uti-

lizes the Pythagorean theorem and the algebraic identity

ab = ((a+ b)/2)2 − ((a− b)/2))2 (5.5)

In Fig. 8, we present a construction that uses a small amount of space.

The figure may be augmented at the bottom of ECDF H in Fig. 7, and is

so done in Fig. 9(a).

Fig. 8. Construction of the mean proportional g =
√
ab

between two positive numbers a and b.

Proof. Let O,B,A be collinear points such that |OA| = a, |OB| = b. Let

M be the midpoint of segment AB. Let OR be perpendicular to OA such

that |OR| = |MA| = |a − b|/2. Let the circle with center R and radius

|OM | = (a+ b)/2 intersect line OA at G. Since ROG is a right triangle, in

view of (5.5), |OG| = g =
√
ab. �

Returning to the ECDF H, we obtain the geometric mean between v̄ and

R, by using Construction 3. See Fig. 9(a).

Fig. 9. (a) The RMSD s̃ =
√
v̄ R, and (b) the SD s =

√
ū R

for the data in Example 1, obtained using Construction 3.

Step 3 (Scaled Variance and Unscaled SD). A comparison of (5.1)

and (5.2) shows that the variance is linearly related to the MSD. Therefore,

a simple modification of the scaled MSD v̄ in Fig 9(a) yields the scaled
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variance ū shown in Fig. 9(b): We merely draw a line joining the points

(0, 0) and (v̄, 1 − 1/n), and extend the line to intersect the horizontal line

z = 1 at the point (ū, 1). That is,

ū = v̄(n/(n− 1)) (5.6)

In view of (5.2), (5.1), (5.4), (5.6), we can write

s = s̃
√

(n/(n− 1)) =
√
v̄R(n/(n− 1)) =

√
ūR.

That is, the SD s is the geometric mean between ū and R. Hence, we can

obtain s by using Construction 3 as shown at the bottom of Fig 9(b).

Remark 5.2 (SD exceeds RMSD, which exceeds MD). Comparing (5.1)

and (5.2), we know that the SD s exceeds the RMSD s̃. Equivalently, from

(5.6), ū ≥ v̄; hence, s =
√
ū R ≥

√
v̄ R = s̃. Also, comparing (5.1) and

(4.1), in view of the Cauchy-Swartz inequality, we have s̃ ≥ MD, with

equality if and only if all deviations from the mean are equal.

6. Extensions
What we have shown in this paper for a set of numbers easily extends

to a discrete RV on a finite support. For instance, the random variable

X in Example 1 takes on values {1, 2, . . . , 6} with associated probabilities

{1/6, 5/18, 5/18, 5/27, 25/324, 5/324}. It has mean µ = 899/324 = 2.775,

MD= 1.022 and SD σ = 1.2355. All features of a discrete RV X are defined

analogously to those of a set of numbers, except the height corresponding

to each value xi is pi instead of 1/n or its multiple. Also, the SD of a RV

is the same as its RMSD. Fig. 10 utilizes the Euclidean plane geometric

methods to visualize the mean, the MD and the SD starting from the CDF

F of X. Caution: For the sake of clarity, we stretched the horizontal scale

in (c) to be larger than the horizontal scales in (a) and (b).

Fig. 10. Euclidean construction of (a) mean, (b) MD and (c) SD of RV X in Example 1.

Our method also extends to a continuous RV on a finite support. For

example, let T follow a triangular(0, 1; 1) distribution, with peak at 1; that
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is, T has probability density function f(x) = 2x on (0, 1). Fig. 11 extends

the Euclidean plane geometric methods to visualize the mean 2/3, the MD

0.2 and the SD 0.236 starting from the CDF F of T . Caution: The hor-

izontal scales in (b) and (c) are larger than the horizontal scale in (a).

Fig. 11. Euclidean construction of (a) mean, (b) MD
and (c) SD of a triangular(0, 1; 1) RV.

We hope the Euclidean plane geometric methods to visualize the mean,

the MD and the SD will add a little more understanding to users of proba-

bility and statistics. With some practice, the attentive user will be able to

quickly approximate their values; and do so faster than obtaining the exact

values through arithmetic computations. We plan to test this hypothesis

in a statistically designed experiment.
7. Exercises

We invite interested readers to apply the Euclidean geometric methods

of this paper to solve the following exercises:
(1) Suppose that the experiment in Example 1 is replicated four more

times to yield new values of X as 4, 3, 1, 2. Visualize the mean, MD

and SD of the new data. Visualize the mean, MD and SD of the

combined data (of size 9) based on (1) the ECDF of the combined

data, and (2) the summary statistics of the two data sets.

(2) From (5.5) or from Fig. 8, we see that the geometric mean (GM) of

two numbers is at most their arithmetic mean (AM); that is,
√
ab ≤

(a+ b)/2, with equality holding if and only if a = b. For a variable

taking on positive values, such as the combined data in Exercise (1)

or for the RV X in Example 1, demonstrate that AM≥GM≥HM,

where GM is given by n
√∏n

i xi = exp{
∑n

i ln(xi)/n}, and HM de-

notes the harmonic mean given by n/
∑n

i (1/xi). You may use the

graphs of f(x) = lnx and g(x) = 1/x on (0,∞); and visualize the
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mean before and after the transformation. Thereafter, extend your

solution to visualize Jensen’s inequality.

(3) In Example 1, change the phrase ‘six-sided die’ to (i) ‘four-sided

tetrahedron,’ or (ii) ‘eight-sided octahedron.’ Draw diagrams to

visualize the mean, the MD and the SD of the new discrete RV X.

(4) Draw diagrams to visualize the mean, the MD and the SD of (i) a

uniform(0, 1) variable, and (ii) an exponential variable with hazard

rate α = 0.25, starting from their respective CDFs.

(5) Table 1 gives the (ordered) scores of five students from each of three

schools in a music competition. Did the schools perform compara-

bly? A customary answer to this question is found by conducting a

one-way analysis of variance. The answer is negative whenever the

F -statistic exceeds a critical value. Extend the Euclidean methods

of this paper to visualize the F -statistic F = 7/6.

Table 1. Ordered scores (out of 100 points) of contestants

School A 77, 78, 82, 88, 90

School B 72, 77, 79, 83, 84

School C 70, 75, 80, 80, 85

(6) Table 2 gives the (sorted) heights x (in centimeters) and the asso-

ciated weights y (in kilograms) of seven NCC cadets. Extend the

Euclidean methods of this paper to visualize (i) the correlation co-

efficient r = .85, and (ii) the least squares regression line of weight

on height: ŷ = −42.3 + 0.6 x.

Table 2. Physical attributes of NCC cadets

x height (cm) 145 148 150 153 153 156 159

y weight (kg) 45.5 48.6 46.7 48.2 50.0 55.0 52.9
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first author to attend his Intermediate Euclidean Geometry class and for
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Abstract. We discuss the Cauchy-Schwarz inequality, first in the

mathematical setting, and then in physics formulated as Heisenberg’s

uncertainty principle in quantum mechanics and then in statistics man-

ifesting as the Cramér-Rao inequality.

1. Cauchy-Schwarz inequality in mathematics

Perhaps the most ubiquitous of inequalities in mathematics is the Cauchy-

Schwarz inequality. First discovered by Cauchy in the year 1821, it states

that if a1, ..., an and b1, ..., bn are arbitrary real numbers, then∣∣∣∑n

j=1
ajbj

∣∣∣ ≤ (∑n

j=1
|aj |2

)1/2 (∑n

j=1
|bj |2

)1/2
, (1.1)

with equality arising if and only if there is a λ ∈ R such that aj = λbj for

j = 1, 2, ..., n.

There are several immediate proofs of this. Indeed, we have∑n

j=1
a2j
∑n

k=1
b2k −

(∑n

j=1
ajbj

)2
=
∑n

j,k=1
a2jb

2
k −

∑n

j,k=1
ajbjakbk

=
∑n

j=1

∑
k≥j

(ajbk − akbj)2 ≥ 0. (1.2)

From this, we see that equality arises if and only if ajbk = akbj for all

j, k, which is tantamount to the assertion

(a1, ..., an) = λ(b1, ..., bn), (1.3)

for some λ ∈ R .

Another “proof at a glance” begins with the self-evident inequality

2ajbj ≤ a2j + b2j , 1 ≤ j ≤ n,
and noting the homogeneity of the left hand side, gets for any λ 6= 0,

2ajbj ≤ λ2a2j + λ−2b2j , 1 ≤ j ≤ n.
Summing over j we get
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Key words and phrases: Cauchy-Schwarz inequality, Heisenberg uncertainty principle,
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j=1
2ajbj ≤ λ2

∑n

j=1
a2j + λ−2

∑n

j=1
b2j .

Choosing
λ2 =

(∑n

j=1
b2j

)1/2 (∑n

j=1
a2j

)−1/2
so as to minimize the right hand side leads immediately to the Cauchy-

Schwarz inequality.

The result is easily extended to complex numbers ai, bi by observing

that ∣∣∣∑n

j=1
ajbj

∣∣∣ ≤∑n

j=1
|aj ||bj | (1.4)

and then applying (1.1) to the latter sum so as to deduce∣∣∣∑n

j=1
ajbj

∣∣∣ ≤ (∑n

j=1
|aj |2

)1/2 (∑n

j=1
|bj |2

)1/2
.

It is not difficult to see that again, equality can arise if and only if (1.3)

holds, because (1.4) is a consequence of the triangle inequality in which the

case of equality is easily identified.

The corresponding inequality for integrals, namely∣∣∣∣∫ b

a
f(x)g(x)dx

∣∣∣∣ ≤ (∫ b

a
|f(x)|2dx

)1/2(∫ b

a
|g(x)|2dx

)1/2

(1.5)

seems to have been first stated by Buniakowsky in 1859 and later (inde-

pendently) by Schwarz in 1885 and for this reason, we sometimes refer to

this as the Cauchy-Buniakowsky-Schwarz inequality (see page 16 of [6]). It

is easy to deduce (1.5) from (1.1) by using Riemann sums and the limiting

process. It is also easy to see that (1.5) extends to improper integrals. We

leave the details to the student.

All these inequalities are special cases of a more general theorem:

Theorem 1. If V is an inner product space over R or C, then
|(v, w)| ≤ ||v||||w||

for all v, w ∈ V with equality if and only if v is a scalar multiple of w.

Proof. We may suppose that w 6= 0, for otherwise, the result is clear.

We decompose v into its components parallel and perpendicular to w by

writing: v = λw + (v − λw) for some scalar λ. For v − λw to be

perpendicular to w, we need 0 = (v − λw,w) = (v, w) − λ||w||2, that

is, λ = (v, w)/||w||2. Now, (v − λw, v − λw) ≥ 0 for any λ so that

||v||2−λ(v, w)−λ(w, v)+ |λ|2||w||2 ≥ 0. With our choice of λ in particular,

we deduce

||v||2 − 2
|(v, w)|2

||w||2
+
|(v, w)|2

||w||4
||w||2 ≥ 0.
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In other words, |(v, w)| ≤ ||v||||w||. Clearly, equality can occur if and only

if v = λw for some λ. This completes the proof. �

Inequalities (1.1) and (1.5) are now special cases of this more general

inequality using the appropriate inner product spaces such as L2[a, b].

2. A principle of duality

At the center of sieve theory and the large sieve inequality in particular,

lies a fundamental principle of duality which is essentially the Cauchy-

Schwarz inequality. We record this below.

Theorem 2. Let cij, for 1 ≤ i ≤ m, 1 ≤ j ≤ n, be mn complex numbers.

Let λ be a non-negative real number. Then, the inequality∑m

i=1

∣∣∣∑n

j=1
cijaj

∣∣∣2 ≤ λ∑n

j=1
|aj |2

holds for all complex numbers a1, ..., an if and only if the inequality∑n

j=1

∣∣∣∑m

i=1
cijbi

∣∣∣2 ≤ λ∑m

i=1
|bi|2

holds for all complex numbers b1, ..., bm.

Proof. Let C be the m × n matrix (cij) and a = (a1, ..., an)tr and b =

(b1, ..., bm)tr be column vectors in Cn and Cm respectively. The first in-

equality of the theorem can then be written as (Ca, Ca) ≤ λ(a,a), and

the second one as (btrC,btrC) ≤ λ(b,b). Suppose the first inequality

holds and let b ∈ Cm. Then, by the Cauchy-Schwarz inequality, we have

for all a ∈ Cn,

(btrCa,btrCa) ≤ ||b||2||Ca||2 ≤ λ||b||2||a||2

by our assumption. Now set a=C
tr
b to deduce ||btrC||4 ≤ λ||b||2||btrC||2

which gives the result. The converse is similarly deduced. �

The principle of duality can be used to deduce what is called the large

sieve inequality which plays a fundamental role in analytic number theory.

The reader can find further details in the monograph [1] as well as [3].

3. The Heisenberg uncertainty principle

The celebrated Heisenberg uncertainty principle, which is a corner stone

of quantum mechanics, is an immediate consequence of the Cauchy-Schwarz

inequality once we understand the dictionary that translates the concepts

of physics into mathematical language. Indeed, from a mathematical stand-

point, Heisenberg’s uncertainty principle states that a function F and its

Fourier transform F̂ cannot both have compact support. To prove this, it

is convenient to introduce the following class of functions.
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We define the Schwartz space (after Laurent Schwartz and no relation

to the Schwarz of the Cauchy-Schwarz inequality) S to be the space of

infinitely differentiable functions F : R → C such that |xkF (`)(x)| → 0

as |x| → ∞, for all non-negative integers k and `.

We recall the definition of the Fourier transform ψ̂ of a function ψ ∈ S:

ψ̂(x) :=

∫ ∞
−∞

ψ(t)e−2πitxdt, x ∈ R.

It is easily verified that ψ̂ is also in S.

Theorem 3 (Heisenberg’s uncertainty principle). Let ψ be a Schwartz

function satisfying ||ψ||2 = 1. Then,(∫ ∞
−∞

x2|ψ(x)|2dx
)(∫ ∞

−∞
x2|ψ̂(x)|2dx

)
≥ 1

16π2
,

with equality if and only if ψ(x)=Ae−Bx
2
for some B > 0 and |A|2 =

√
2B
π .

Proof. Writing

1 =

∫ ∞
−∞
|ψ(x)|2dx =

∫ ∞
−∞

ψ(x)ψ(x)dx,

we integrate by parts to get that this is

= xψ(x)ψ(x)
∣∣∣∞
−∞
−
∫ ∞
−∞

x
d

dx

(
ψ(x)ψ(x)

)
dx.

Because ψ ∈ S, the first term equals zero giving us

1=−
∫ ∞
−∞

x{ψ(x)ψ′(x)+ψ′(x)ψ(x)}dx, and hence 1≤ 2

∫ ∞
−∞
|xψ(x)ψ′(x)|dx.

Applying the Cauchy-Schwarz inequality, we get

1 ≤ 2

(∫ ∞
−∞

x2|ψ(x)|2dx
)1/2(∫ ∞

−∞
|ψ′(x)|2dx

)1/2

.

By the Fourier inversion theorem,

ψ(x) =

∫ ∞
−∞

ψ̂(t)e2πitxdt, so that ψ′(x) =

∫ ∞
−∞

(2πit)ψ̂(t)e2πitxdt,

the differentiation under the integral sign being justified by the virtues of

the elements of the Schwartz class S. In other words, ψ′(−x) is the Fourier

transform of (2πit)ψ̂(t). By Parseval’s formula, we deduce that the L2-

norm of ψ′ is equal to
∫∞
−∞ 4π2t2|ψ̂(t)|2dt. Thus,

1 ≤ 4π

(∫ ∞
−∞

x2|ψ(x)|2dx
)1/2(∫ ∞

−∞
x2|ψ̂(x)|2dx

)1/2

,

from which the main inequality emerges. For the final part of the theorem,

we note that in our application of the Cauchy-Schwarz inequality, equality
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can occur if and only if ψ′(x) = λxψ(x), for some scalar λ. This is an or-

dinary differential equation which is easily solved. We find ψ(x) = Ae−Bx
2

for certain constants A and B > 0 because ψ belongs to S. The fact that

the L2-norm of ψ equals 1 gives us the final claim. �

An immediate consequence of the uncertainty principle is that ψ and ψ̂

cannot both be concentrated in a small neighborhood of the origin. Indeed,

suppose ψ is supported in [−M,M ] and ψ̂ is supported in [−N,N ]. Then,

M2N2 ≥ 1/4π2. So, M and N cannot both be arbitrarily small. A manifes-

tation of the uncertainty principle is what we mentioned earlier that both

ψ and ψ̂ cannot have compact support. If ψ has compact support, then

its Fourier transform is an entire function (see for example, pp. 371-372 of

[11]). As such, the zeros of ψ̂ are isolated unless it is identically zero, in

which case ψ is also identically zero by the inversion theorem.

In quantum mechanics, |ψ(x)|2dx represents the probability density

that a particle is near position x ∈ R. Thus, the probability that such

a particle lies in the interval [a, b] is given by∫ b

a
|ψ(x)|2dx.

Our best guess for the position of the particle is given by the expectation

µ :=

∫ ∞
−∞

x|ψ(x)|2dx

and the error (or uncertainty) involved in this guess is given by the variance∫ ∞
−∞

(x− µ)2|ψ(x)|2dx.

A similar analysis holds for the momentum of the particle. Indeed, the

probability density that the momentum is x ∈ R is |ψ̂(x)|2dx and so the

probability that the momentum lies in [a, b] is given by∫ b

a
|ψ̂(x)|2dx.

The expectation and variance of the momentum are defined as before.

Without any loss of generality, we can normalize our functions so that

the expectation of both the position and momentum are zero. With this

normalization, we see that Heisenberg’s uncertainty principle establishes a

lower bound for the product of these variances (or errors). In other words,

any attempt to lower the error in our observation of the position of a par-

ticle increases the error in determining its momentum and vice versa.
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An uncertainty principle of some sort or other abounds in nature de-

scribed by Fourier duality. Recently, Tao [13] discovered a discrete version

of the uncertainty principle and a simple proof of this can be found in [8].

See also [7] for other variations on this theme. An uncertainty principle

for the equidistribution of arithmetic sequences in arithmetic progressions

and short intervals has been a topic of intense research in analytic number

theory. The reader can find an exposition of this in [5].

4. The Cramér-Rao inequality

A humorous definition of statistics is that it is the converse of prob-

ability theory. Though seemingly funny, the joke contains the essential

idea. In probability theory, we deal with measurable functions (also called

random variables), probabilty density functions (sometimes referred to as

pdfs or probability measures). By contrast, in statistics, we may not know

what the pdf may be of a certain phenomenon. At best, we can take a

large sample and infer from this data, the nascent pdf that describes the

phenomenon.

At the dawn of the 20th century, R.A. Fisher undertook the task of

laying the foundations of theoretical statistics. In his fundamental paper

[4], he wrote “the object of statistical methods is the reduction of data.”

Expanding on this aphorism, he explained, “A quantity of data, which

usually by its mere bulk is incapable of entering the mind, is to be replaced

by relatively few quantities which shall adequately represent the whole.”

Motivated by these considerations, he was led to define (what we now call)

the Fisher information of a random variable X with probability density

function fθ(x) attached to an unknown deterministic parameter θ as follows.

The contribution of x to the information content of the random variable

may be viewed to be − log(fθ(x)) since from information theory we know

that for the discrete setup an ideal lossless binary code would need roughly

these many bits to represent this variable.

The rate of change of this information is then ∂ log fθ
∂θ and it seems

reasonable that the expectation

I(θ) :=

∫ ∞
−∞

(
∂ log fθ
∂θ

)2

fθ(x)dx

(called Fisher information in statistical parlance) gives us some idea of the

amount of information about θ contained in the data.

For example, if X has a Bernoulli distribution where X can have only

two values “heads” or “tails” (or more precisely 0 and 1 say), with 1 having
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probability θ and 0 having probability 1− θ, with density function

fθ(x) = θx(1− θ)1−x,
then log fθ(x) = x log θ + (1 − x) log(1 − θ) and we find, after a simple

calculation, that I(θ) = ( θ(1− θ) )−1.

To take another example, suppose X has a normal distribution with

unknown mean µ and known variance σ2. Let us determine the Fisher

information I(µ) in X. Since fµ(x) = (
√

2π σ)−1 e−(x−µ)
2/2σ2

, we see

log fµ(x)=−(1/2) log(2πσ2)−(x− µ)2/2σ2, so that
∂ log fµ
∂µ

= (x− µ)/σ2.

A direct calculation now gives that I(µ) = 1/σ2.

In statistical problems, large amounts of data are collected to study a

phenomenon. With a desire to derive a mathematical model to describe

it, we may find, numerically, a function φ̃ to approximate a parameter φ.

φ̃ is called an unbiased estimator of φ if E(φ̃) = φ. That is,∫ ∞
−∞

φ̃fθ(x)dx = φ(θ).

Here, θ and x are independent parameters. Differentiating this with respect

to θ and interchanging integration and differentiation (provided of course

that this is permissible) gives:∫ ∞
−∞

φ̃(x)
∂fθ
∂θ

(x)dx = φ′(θ).

The rate of change of information is the function

S(x) :=
∂

∂θ
log fθ(x)

called the score statistic. Plainly, S(x) = 1
fθ(x)

∂fθ
∂θ (x), so that we can write∫ ∞

−∞
φ̃(x)S(x)fθ(x)dx = φ′(θ). (4.1)

Also, the expectation of S(x) is

E(S(x)) =

∫ ∞
−∞

S(x)fθ(x)dx =

∫ ∞
−∞

∂fθ
∂θ

(x)dx =
∂

∂θ

∫ ∞
−∞

fθ(x)dx = 0,

since ∫ ∞
−∞

fθ(x)dx = 1,

because the total probability is 1. Thus, (4.1) can be re-written as∫ ∞
−∞

(φ̃(x)− φ(θ))S(x)fθ(x)dx = φ′(θ).

Applying the Cauchy-Schwarz inequality, we obtain

φ′(θ)2 ≤
(∫ ∞
−∞

(φ̃(x)− φ(θ))2fθ(x)dx

)(∫ ∞
−∞

S(x)2fθ(x)dx

)
.
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Writing

I(θ) :=

∫ ∞
−∞

(
∂ log fθ
∂θ

)2

fθ(x)dx,

(called Fisher information in statistical parlance), we can write our inequal-

ity as:

Theorem 4 (The Cramér-Rao inequality). For an unbiased estimator φ̃

of φ, we have ∫ ∞
−∞

(φ̃(x)− φ(θ))2fθ(x)dx ≥ φ′(θ)2

I(θ)
.

Often, this is applied with φ(θ) = θ so that φ′(θ) = 1. The inequality

then gives us a limitation on the accuracy of the unbiased estimator to the

function θ. Somtimes it is referred to as the information inequality. It was

discovered independently by C. R. Rao [10] and H. Cramér [2] in 1945 and

has played a pivotal role in statistical inference. An enlightening survey of

the Cramér-Rao inequality was written by K.R. Parthasarathy [9] where

the reader can find discussion of Riemannian metrics to study population

models.

Regarding Theorem 4, there is a lot of interest in estimators that actu-

ally achieve the Cramer-Rao lower bound. Such estimators are said to be

asymptotically efficient. Under certain regularity conditions the maximum

likelihood estimators are asymptotically efficient. In such cases the Fisher

information about θ in the data is equal to the inverse of the variance of

the estimator.
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Abstract. Let p be a prime number. A p-group is said to be extraspe-

cial p-group if its center, derived subgroup and Frattini subgroup all

coincide and have order p. For every n ∈ N, there are exactly two ex-

traspecial p-groups of order p2n+1 up to isomorphism and no extraspe-

cial p-group of order p2n. This classification of extraspecial p-group is

proved by using theory of quadratic forms and bilinear forms.

1. Introduction

The enumeration of groups of given order is one of the most interesting

problems in group theory. This is a wild problem with the groups of prime

power order leading to the complexity. We know that every group of prime

order is cyclic. Let p be a prime number. There are exactly two groups

of order p2 and both of them are abelian groups. There are exactly five

groups of order p3 and three of them are abelian. The abelian groups of pn

corresponds to the partitions of n. The classification of all groups of order

pn is known for n ≤ 7 [16, 7, 1, 4, 8, 9, 11]. In [5], Hall defines isoclinism of

groups, which plays an important role in classification of p-groups. Higman

[6] and Sims [14] showed that number of groups of order n = pk is equal

to n(
2
27

+o(1))k2 as k tends to infinity. In [13], Pyber generalised this result

for any natural number n. Berkovich and Janko have compiled the work on

p-groups in six volumes of books named “Groups of prime power order”.

We begin with fixing some notations. Let G be a finite group then

Z(G) := {g ∈ G | gh = hg ∀ h ∈ G} is called center of G. The subgroup

G′ := 〈[g, h] := g−1h−1gh : ∀ g, h ∈ G〉 is called the derived subgroup of
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G. The Frattini subgroup is the intersection of all maximal subgroups of G.

It is denoted by φ(G). Moreover if G is a p-group then φ(G) = G′Gp :=

〈g1gp2 : g1 ∈ G′, g2 ∈ G〉. In this case the quotient group G/φ(G) is an

elementary abelian group. Frattini Subgroup plays an important role in

the theory of p-groups.

For a prime number p, a p-group G is said to be extraspecial p-group

if Z(G) = G′ = φ(G) and order of Z(G) is p. For example, dihedral

group D4 := {a, b : a4 = 1, b2 = 1, b−1ab = a−1} and quaternion group

Q2 := {c, d : c4 = 1, c2 = d2, d−1cd = c−1} are extraspecial 2-groups.

The aim of this expository article is to prove that for every n ∈ N and a

given prime p, there are exactly two extraspecial p-groups of order p2n+1 up

to isomorphism and no extraspecial p-group of order p2n. The extraspecial

p-groups of order p3 are fundamental units and any extraspecial p-groups of

order p2n+1 is central product of n copies of extraspecial p-groups of order

p3. For an extraspecial p-group G, the pth power map induces a map from
G

Z(G)
to Z(G), which is used in the classification of extraspecial p-groups.

This map is linear when p is an odd prime number and quadratic when p

is equal to 2, hence these two cases are treated separately.

The classification of extraspecial p-groups is also given in [3] using group

theoretic methods. This classification using quadratic forms and bilinear

forms is indicated in [15] and [2]. The classification of extraspecial 2-groups

is given in [10]. This classification is sure to be known to experts but we

do not know of any reference where it is mentioned in as much detail.

2. Bilinear forms and Quadratic froms

Let F be a field and V be n-dimensional vector space over F. A map

b : V × V → F is called F-bilinear if it satisfies the following properties:

(1) b(αv1 + βv2, w) = αb(v1, w) + βb(v2, w) for all v1, v2, w ∈ V and

α, β ∈ F.

(2) b(v, αw1 + βw2) = αb(v, w1) + βb(v, w2) for all v, w1, w2 ∈ V and

α, β ∈ F

Two vectors u, v ∈ V are said to be orthogonal if b(u, v) = 0. For any

subset W of V , We define W⊥ := {v ∈ V : b(v, w) = 0 for all w ∈ W}.
The subspace V ⊥ := {v ∈ V : b(v, v′) = 0 for all v′ ∈ V } is called radical

of b and it is denoted by rad b. A bilinear form b is said to be non-degenerate

if rad b = 0.

A map q : V → F is called a quadratic form if
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(1) q(αv) = α2q(v) for all v ∈ V and α ∈ F
(2) The map bq : V ×V → F given by bq(v, w) := q(v+w)−q(v)−q(w)

is F-bilinear, for all v, w ∈ V .

For a quadratic map q the map bq is called the polar map of q. The pair

(V, q) is called the quadratic space over F. A quadratic space (V, q) is called

regular if rad(bq) = 0.

Two n-dimensional quadratic spaces (V1, q1) and (V2, q2) over F are said

to be isometric if there exist an F-linear isomorphism T : V1 → V2 such

that q1(v) = q2(T (v)) for all v ∈ V . Isometry between two quadratic spaces

is denoted by (V1, q1) ∼= (V2, q2).

A quadratic space (V, q) is called the orthogonal sum of (V1, q1) and

(V2, q2) if V = V1 ⊕ V2 and q(v) = q1(v1) + q2(v2), where v = (v1, v2) ∈ V
is an arbitrary element of V . In this case we write q = q1⊥q2. Conversely,

let (V, q) be a quadratic space and Vi, 1 ≤ i ≤ m be subspaces of V such

that V = V1 ⊕ · · · ⊕ Vm and bq(vi, vj) = 0 for vi ∈ Vi, vj ∈ Vj , i 6= j. Then

q = q1 ⊥ · · · ⊥ qm where qi denotes the restriction of q to Vi. We also write

bq = b1 ⊥ b2 ⊥ · · · ⊥ bm, where bi denotes the restriction of bq to Vi.

2.1. Quadratic forms over fields of characteristic 2. From now on-

wards, GF(2r) denotes the field of characteristic 2 and GF(2) denotes the

prime field of characteristic 2. The following theorem is analogous to the

diagonalisation of quadratic spaces over the field of characteristic different

from 2.

Proposition 2.1. [12] Let V be a vector space over the field GF(2r). Every

quadratic space (V, q) has an orthogonal decomposition V = U⊕rad(V ) such

that (U, q|U ) is regular and an orthogonal sum of 2-dimensional regular qua-

dratic spaces whereas (rad(V ), q|rad(V )) is orthogonal sum of 1-dimensional

quadratic spaces.

More explicitly, there exists a basis {ei, fi, gj , 1 ≤ i ≤ r, 1 ≤ j ≤ s} of

V where 2r + s = dim(V ) and elements ai, bi, cj ∈ F, 1 ≤ i ≤ r, 1 ≤ j ≤ s

such that for all v =
∑

(xiei + yifi) +
∑
zjgj , we have

q(v) =
∑

(aix
2
i + xiyj + biy

2
i ) +

∑
cjz

2
j .

We denote above quadratic form by q = [a1, b1] ⊥ · · · ⊥ [ar, br] ⊥ 〈c1, · · · , cs〉.
This form of a quadratic form is called normalized form.

It immediately follows from above theorem that every regular quadratic

form over fields of characteristic two is even dimensional.
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Let V be a two dimensional vector space over GF(2r), then there are

only two regular quadratic forms q : V → GF(2r), The normalized form of

two dimensional regular quadratic forms are [0, 0] and [1, 1].

Proposition 2.2. Let q1 = [0, 0] ⊥ [0, 0] and q2 = [1, 1] ⊥ [1, 1] be two

quadratic forms over GF(2). Then q1 is isometric to q2.

Proof. We have q1(w, x, y, z) = wx+yz and q2(w, x, y, z) = w2 +wx+x2 +

y2 +yz+ z2. The following change of variables in q1 converts it to the form

q2: w 7→ x+ y + z, x 7→ w+ y + z, y 7→ w+ x+ z, z 7→ w+ x+ y. �

Remark 2.3. Using Prop. 2.1 and Prop.2.2 , we conclude that for any

2n-dimensional vector space V over the field GF(2r), there are exactly two

regular quadratic forms with normalized forms [0, 0] ⊥ [0, 0] ⊥ · · · [0, 0] (n

copies of [0, 0]) and [1, 1] ⊥ [0, 0] ⊥ [0, 0] ⊥ · · · [0, 0] (n− 1 copies of [0, 0]).

2.2. Alternating bilinear forms. We first fix the notations, for any odd

prime p, GF(pr) denotes the field of characteristic p and GF(p) denotes the

prime field of characteristic p. Let V be a vector space over the field GF(pr)

of characteristic p, where p is an odd prime and b : V × V → GF(pr) be

a bilinear map. Then b is called alternating if b(v, v) = 0 for all v ∈ V .

It is important to note that every alternating bilinear form b, we have

b(u, v) = −b(v, u) for all u, v ∈ V .

Now we want to find a basis of V such that b looks as nice as possible.

If b is non-zero bilinear form then there exist u, v ∈ V such that b(u, v) = λ

for some non-zero element λ ∈ F. We choose e1 = u and f1 = λ−1v as the

first two vectors of the basis and b satisfies the following conditions:

b(e1, e1) = b(f1, f1) = 0; b(e1, f1) = −b(f1, e1) = 1

Now restricting the bilinear form to the span of {e1, f1}⊥, we find a

basis {e1, e2, · · · em, f1, f2, · · · fm} such that b(ei, ei) = b(fi, fi) = 0 for all

1 ≤ i ≤ m, b(ei, fj) = −b(fj , ei) = 0 for all i 6= j and b(ei, fi) = −b(fi, ei) =

1 for all 1 ≤ i ≤ m. This is called symplectic basis of V .

Remark 2.4.

(1) If b : V ×V → F is a non-degenerate alternating bilinear form then

V is even dimensional vector space.

(2) Every 2n dimensional non-degenerate alternating bilinear form b :

V × V → F can be written as an orthogonal sum of n two dimen-

sional bilinear spaces. Let {e1, f1, · · · en, fn} be a symplectic basis

of V then V = V1⊕V2⊕ · · ·⊕Vn and b = b1 ⊥ b2 ⊥ · · · ⊥ bn, where
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Vi is the subspace generated by {ei, fi} and bi is restriction of b to

Vi.

(3) Let b : V × V → F is an alternating bilinear form then the map b̂ :

V → Hom(V,GF(pr)) defined by b(x)(y) = b(x, y) is a vector space

homomorphism. Since ker(b̂) = V ⊥, The map b̂ is an isomorphism

if and only if b is a non-degenerate alternating bilinear form.

Proposition 2.5. Let b be a non-degenerate alternating bilinear form on

V and let k : V → GF(pr) be a linear map on V . There exists a symplectic

basis {e1, f1, ..., en, fn} on V such that k(ei) = k(fi) = k(en) = 0 for all

i = 1, ..., n− 1 and k(fn) = 1.

Proof. Since k is linear, the remark 2.4(3) gives that k(x) = b̂(e) = b(x, e)

for all x ∈ V and some fixed e ∈ V . In particular, k(e) = b(e, e) = 0. Since

b is non-degenerate bilinear form, there exists v ∈ V such that b(e, v) = λ,

where 0 6= λ ∈ GF(pr). Now choose f = λ−1v ∈ V , then b(e, f) = 1

and k(f) = 1. Let W be the subspace of V generated by e and f . The

restriction b to W is non- degenerate, so that V = W ⊕W⊥ . For u ∈W⊥

, we have k(u) = b(e, u) = 0, so that W⊥ is contained in ker k. Now,

the restriction of b to W⊥ is also non-degenerate so that we can choose

a symplectic basis {e1, f1, ..., en−1, fn−1} of W⊥ and if we let en = e and

fn = f . we obtain the desired basis. �

3. Extraspecial p-groups

In this section, we associate a bilinear form and quadratic form with a

extraspecial 2-group. We also associate a linear map and a bilinear map

with extraspecial p-group, when p is an odd prime. We show that these

maps completely determine the structure of extraspecial p-groups. These

maps are very helpful in classifying the extraspecial p-groups. First, we

record a lemma.

Lemma 3.1. [3] Let G be an extraspecial p-group then

[g1g2, g3] = [g1, g3][g2, g3] and (g1g2)
n = gn1 g

n
2 [g2, g1]

n(n−1)
2 .

Proof. (1). The first part of lemma follows from the fact that elements of

G′ commute with all the elements of group G as shown below:

[g1g2, g3] = (g1g2)
−1g−13 (g1g2)g3 = g−12 g−11 g−13 g1g3g

−1
3 g2g3

= g−12 [g1, g3]g
−1
3 g2g3 = [g1, g3]g

−1
2 g−13 g2g3 = [g1, g3][g2, g3].

(2). For second part, we denote [g2, g1] by h. We first prove that [gi2, g
j
1] =

hij for all i, j. Since g−12 g−11 g2g1 = h, we have g−11 gi2g1 = (g−11 g2g1)
i =
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(g2h)i = gi2h
i as g2 and h commute. Conjugating by g1 gives g−21 gi2g

2
1 =

g−11 gi2h
ig1 = g−11 gi2g1h

i = gi2h
ihi = gi2h

2i. Repeating this j times, we get

g−j1 gi2g
j
1 = gi2h

ij , thus [gi2, g
j
1] = hij . Now we prove (g1g2)

n = gn1 g
n
2h

n(n−1)
2

by induction on n. It holds clearly for n = 1. Assume result holds for

n−1. We have [g2, g
n−1
1 ] = hn−1 and therefore g2g

n−1
1 = gn−11 g2h

n−1. Thus

(g1g2)
n = (g1g2)(g1g2)

n−1 = g1g2g
n−1
1 gn−12 h

(n−1)(n−2)
2 = gn1 g

n
2h

n(n−1)
2 . �

Let G be a extraspecial p-group. Then Z(G) is isomorphic to the addi-

tive group F of field GF (p), we identify Z(G) with GF (p). Also, G/Z(G),

being elementary abelian, is isomorphic to the additive group of a vector

space V over GF (p). We identify G/Z(G) with V . Moreover, the commu-

tator of any two elements of G, or the p power of any element of G, lies

in Z(G). Also we have [g1, g2h] = [g1h, g2] = [g1, g2] and (g1h)p = hp for

g1, g2 ∈ G and h ∈ Z(G). Thus we have two maps

(1) b : G
Z(G) ×

G
Z(G) → F defined by b(ḡ1, ḡ2) = [g1, g2] for all ḡ1, ḡ2 ∈

G
Z(G) .

(2) q : G
Z(G) × F defined by q(ḡ1) = gp1 for all ḡ1 ∈ G

Z(G)

Now Lemma 3.1(1) shows that b is bilinear. Since [g1, g1] = 1 for

all g1 ∈ G, it is alternating. The bilinear form b is non-degenerate as

rad b = Z(G).

We now fix some notations. From now onwards unless mention oth-

erwise, We identify the prime field GF (p) with group Z/pZ and we write

1̄ = z. We also switch freely between the multiplicative and additive no-

tions.

Lemma 3.2. Let V be a vector space of dimension n over the prime field

GF (p). Let {v1, v2, · · · vn} be a basis of V over GF(p) . Let b : V × V →
GF(p) be a non-degenerate alternating bilinear form and q : V → GF(p) be

a map then

G := {v1, v2, · · · , vn, z|zp = 1, vpi = q(vi), [vi, z] = 1, [vi, vj ] = b(vi, vj) ∀i, j}
is an extraspecial p-group.

Proof. It is clear that Z(G) is generated by z and G′ is generated by b(V ×
V ). Since b(V × V ) is same as group generated by z, we have Z(G) = G′.

Also Gp is generated by q(V ), which is contained in group generated by z,

thus φ(G) = GpG′ is same as group generated by z. This gives Z(G) =

G′ = φ(G) and all have order p. This proves that G is an extraspecial

p-group. �
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Remark 3.3. If G is extraspecial p-group then we have a non-degenerate

alternating bilinear form b : G
Z(G) ×

G
Z(G) → GF(p). The remark 2.4 gives

that order of G
Z(G) is p2n. Since order of Z(G) is p, thus order of group G

is p2n+1.

4. Classification of extraspecial p-groups

In this section, we will use the theory of quadratic forms and alternating

bilinear forms developed in section 2 to classify extraspecial p-groups. We

first discuss extraspecial 2-groups followed by extraspecial p-groups when

p is odd prime. The need of separating these cases arises because the map

q : G
Z(G) → Z(G) defined by q(x) = xp is a quadratic map if p = 2 and

otherwise it is a linear map. This follows from lemma 3.1(2) as p divides
p(p−1)

2 , when p is odd but 2 does not divide 2(2−1)
2 = 1.

• Case p = 2: The lemma 3.1(2) for n = 2, in additive notion,

gives q(g1 + g2) = q(g1) + q(g2) + b(g1, g2), which in turn gives

that q is a regular quadratic form which polarizes to b. By remarks

2.3, for any 2n-dimensional vector space V , there are exactly two

regular quadratic forms up to isometry. Thus there are exactly two

extraspecial 2-groups of order 22n+1 up to isomorphism.

• Case p is odd prime: Since p divides p(p−1)
2 , The lemma 3.1(2) for

n = p, in additive notion, gives that q(g1 + g2) = q(g1) + q(g2). In

other words, q is a linear map. Using remark 2.4(3), the map q can

be uniquely written as q(g) = b̂(a) = b(g, a) for some fixed a ∈ G
Z(G) .

If a = 1 then q is a zero map. Otherwise if q is a non-zero map,

then by Prop. 2.5, we find a symplectic basis {e1, f1, · · · en, fn} such

that q(en) = q(ei) = q(fi) = 0 for 1 ≤ i ≤ n − 1 and q(fn) = 1.

Hence there are exactly two different linear maps up to change in

variables. Thus again in this case, there are exactly two extraspecial

p-groups up to isomorphism of order p2n+1. One corresponding to

the zero-linear map and other corresponding to the non-zero linear

map.

Now we explicitly compute the extraspecial p-groups of order p3. These

small extraspecial p-groups are building blocks for extraspecial p-groups of

higher orders.

4.1. Extraspecial 2-groups of order 8. Let V be a 2-dimensional vector

space over the prime field GF(2). Let {e1, e2} be basis of V over GF(2).

We identify GF(2) by Z/2Z and write 1̄ = x.
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(1) Let q1 : V → GF(2) be the regular quadratic form defined by

q1(x, y) = xy for (x, y) ∈ V . Using lemma 3.2, the group associated

to quadratic form q is given by

G1 := 〈e1, e2, x | e21 = e22 = x2 = 1, [e1, x] = [e2, x] = 1, [e1, e2] = x〉

The group G1 is isomorphic to dihedral group D4 := 〈a, b | a4 =

1, b2 = 1, b−1ab = a−1〉. The map ρ : G1 → D4 defined by ρ(e1) =

ab, ρ(e2) = b, ρ(x) = a2 is a group isomorphism.

(2) Let q2 : V → F2 be other regular quadratic form defined by q2(x, y) =

x2 + xy+ y2 for (x, y) ∈ V . Using lemma 3.2, the group associated

to quadratic form q is given by

G2 := 〈e1, e2, x | e21 = e22 = x, x2 = 1, [e1, x] = [e2, x] = 1, [e1, e2] = x〉

The groupG2 is isomorphic to the quaternion groupQ2 := 〈c, d | c4 =

1, c2 = d2, d−1cd = c−1〉. The map ψ : G2 → Q2 defined by

ψ(e1) = c, ψ(e2) = d, ψ(x) = c2 is a group isomorphism.

4.2. Extraspecial p-groups of order p3. Let V be a 2-dimensional vector

space over the prime field GF (p). Let {e1, e2} be basis of a V over GF(p)

and identify GF(p) by Z/pZ and write 1̄ = z.

(1) Let q1 : V → GF(p) be zero linear map, thus group associated to q1

has exponent p. By lemma 3.2, the group associated to zero linear

map q1 is given by

X+
p3

:= 〈e1, e2, z | ep1 = ep2 = zp = 1, [e1, z] = [e2, z] = 1, [e1, e2] = z〉

(2) Let q2 : V → GF(p) be non-zero linear map, then by Prop. 2.5

we find a symplectic basis {e, f} of V such that q2(e) = 0 and

q2(f) = 1. By lemma 3.2, the group associated to linear map q2 is

given by

X−
p3

:= 〈e, f, z | ep = 1, fp = z, zp = 1, [e, z] = [f, z] = 1, [e, f ] = z〉

4.3. Central products. We first define the central product of groups.

Then we show that the extraspecial p-groups is central product of extraspe-

cial p-groups of order p3.

Definition 4.1. Let G1 and G2 be two finite groups and θ be an isomor-

phism between Z(G1) and Z(G2). Let N := {(z−1, θ(z)) | z ∈ Z(G1)}. The

N is a normal subgroup of direct product G1 × G2. The central product

G1 ◦G2 of groups G1 and G2 with respect to θ is the factor group G1×G2
N .
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Theorem 4.2. Let G and H be two extraspecial p-groups with respect to

bilinear forms b1 : G
Z(G) ×

G
Z(G) → Z(G) and b2 : H

Z(H) ×
H

Z(H) → Z(H)

respectively. Let q1 : G
Z(G) → Z(G) and q2 : H

Z(H) → Z(H) be maps defined

by q1(ḡ) = gp for ḡ ∈ G
Z(G) and q2(h̄) = hp for h̄ ∈ H

Z(H) . Then the group

associated to bilinear form b := b1⊕ b2 is isomorphic to the central product

G ◦H of groups G and H.

Proof. Let G and H be extraspecial p-groups of order p2n+1 and p2m+1

respectively. Identify the elementary abelian p-group G
Z(G) ( H

Z(H)) with

2n-dimensional vector space V (2m-dimensional vector space W ) over the

prime field GF(p), where p is a prime number. Let {v1, v2, · · · , v2n} and

{w1, w2, · · · , w2m} be basis of vector spaces V andW respectively. We know

that the centers Z(G) and Z(H) are isomorphic to the additive group of

field GF(p). Let α : GF(p) → Z(G) and β : GF(p) → Z(H) be the

isomorphisms and α(1̄) = y (β(1̄) = x) be generators of centers Z(G)

(Z(H)), respectively.

Using lemma 3.2, The finite presentation of group G and H is given

below:

G :={v1, v2, · · · , v2n, y|yp=1, vpi =q1(vi), [vi, y]=1, [vi, vj ]=b1(vi, vj) ∀i, j}
H := {w1, w2, · · · , w2m, x|xp = 1, wp

i = q2(wi), [wi, x] = 1, [wi, wj ] =

b2(wi, wj)∀i, j}
Now let S := V ⊕W be 2n+ 2m-dimensional vector space over GF(p).

Let b := α(b1) ⊕ β(b2) : S × S → GF(p) be a bilinear map defined by

b((v, w), (v′, w′)) = α(b1(v, v
′)) + β(b2(w,w

′)) for (v, w), (v′, w′) ∈ S. Let

q := α(q1)⊕ β(q2) : S → GF(p) be a map defined by q(v, w) = α(q1(v)) +

β(q2(w)) for (v, w) ∈ S. Recall that we identify GF(p) with Z/pZ and write

1̄ = z.

The group associated to bilinear form b and map q is following:

K := {v1, v2, · · · , v2n, w1, w2, · · · , w2m, z | zp = 1, vpi = q(vi, 0), wp
i =

q(0, wi), [vi, z] = 1, [wi, z] = 1, [wi, wj ] = b((0, wi), (0, wj)), [vi, vj ] =

b((vi, 0), (vj , 0)), [vi, wj ] = b((vi, 0), (0, wj)) ∀ i, j}

Since b = α(b1) ⊕ β(b2), b((vi, 0), (0, wj)) = α(b1(vi, 0)) + β(b2(0, wj)) = 0

for all i, j. Also we have b((vi, 0), (vj , 0)) = α(b1(vi, vj)) + β(b2(0, 0)) =

α(b1(vi, vj)) and b((0, wi), (0, wj)) = α(b1(0, 0))+β(b2(wi, wj)) = β(b2(wi, wj)).

Similarly the relations vpi = q(vi, 0) and wp
i = q(0, wi) becomes vpi =

α(q1(vi)) and wp
i = β(q2(wi)) respectively.

Thus group K can be written as following:
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K := {v1, v2, · · · , v2n, w1, w2, · · · , w2m, z | zp = 1, vpi = α(q1(vi)), w
p
i =

β((q2(wi)), [vi, y] = 1, [wi, y] = 1, [wi, wj ] = β(b2(wi, wj)), [vi, vj ] =

α(b1(vi, vj)), [vi, wj ] = 1 ∀ i, j}
Now we define a map γ : G×H → K defined by γ(vi, 1) = vi, γ(1, wj) =

wj , γ(y, 1) = α−1(y) = 1̄ = z, γ(0, x) = β−1(x) = 1̄ = z. It is easy to

check that γ is a surjective group homomorphism. We compute the kernel

of homomorphism γ.

We know that ker γ := {(g, h) ∈ G × H | γ(g, h) = 1}. We com-

pute γ(y−1, x) = γ((y−1, 1)(1, x)) = γ(y−1, 1)γ(1, x) = z−1z = 1. Also

βα−1(z) = x. Thus ker γ = 〈(z−1, βα−1(z))〉.
The map βα−1 is an isomorphism between Z(G) and Z(H). This gives

that group K is isomorphic to central product G ◦H. �

Theorem 4.3. Any extraspecial p-group G of order p2n+1 is central product

of n extraspecial p-groups of order p3. Therefore

(1) If p = 2 then G is either isomorphic to D4 ◦D4 ◦ · · · ◦D4 (n copies

of D4) or Q2 ◦D4 ◦D4 ◦ · · · ◦D4 (n− 1 copies of D4).

(2) If p is an odd prime then G is either isomorphic to X+
p3
◦X+

p3
◦· · ·◦X+

p3

(n copies of X+
p3

) or X−
p3
◦X+

p3
◦X+

p3
◦· · ·◦X+

p3
(n−1 copies of X+

p3
).

The groups D4, Q2, X
+
p3
, X−

p3
are defined in section 4.1 and 4.2.

Proof. (1). By remark 2.3, we have that for 2n-dimensional vector space

over field GF(2), there are exactly two quadratic forms up to isometry,

namely orthogonal sum of n copies of quadratic form [0, 0] and the orthog-

onal sum of quadratic form [1, 1] with n− 1 copies of quadratic form [0, 0].

The section 4.1 gives that the group associated to quadratic form [0, 0] is D4

and that associated to [1, 1] is Q2. Now the theorem 4.2 gives that the group

associated to [0, 0] ⊥ [0, 0] ⊥ · · · [0, 0] (n copies of [0, 0]) is D4 ◦D4 ◦ · · · ◦D4

(n copies of D4) and group associated to [1, 1] ⊥ [0, 0] ⊥ [0, 0] ⊥ · · · [0, 0]

(n− 1 copies of [0, 0]) is Q2 ◦D4 ◦D4 ◦ · · · ◦D4 (n− 1 copies of D4).

(2). Using remark 2.4, Every 2n dimensional non-degenerate alternat-

ing bilinear form b : V × V → GF(p) can be written as orthogonal sum of

n two dimensional bilinear spaces. Let {e1, f1, · · · en, fn} be the symplectic

basis of V . Then V = V1⊕V2⊕· · ·⊕Vn and b = b1 ⊥ b2 ⊥ · · · ⊥ bn, where Vi

is the subspace generated by {ei, fi} and bi is the restriction of b to Vi. Sim-

ilarly the linear map q : V → F can be written as q = q1 ⊥ q2 ⊥ · · · ⊥ qn,

where qi is the restriction of q to Vi. Now if q is zero map on V then each

qi is a zero map on Vi. In this case theorem 4.2 and section 4.2 gives that
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the group G associated to linear map q is isomorphic to X+
p3
◦X+

p3
◦· · ·◦X+

p3

(n copies of X+
p3

).

If q is a non-zero linear map then by Proposition 2.5, we can find a

symplectic basis {e1, f1, · · · , en, fn} of vector space V such that q(en) =

q(ei) = q(fi) = 0 for all 1 ≤ i ≤ n − 1 and q(fn) = 1. In this case qi

for 1 ≤ i ≤ n − 1 are zero linear maps on vector spaces Vi, but linear

map qn on Vn is a non-zero linear map. Now theorem 4.2 and section 4.2

gives that the group G associated to the linear map q is isomorphic to

X−
p3
◦X+

p3
◦X+

p3
◦ · · · ◦X+

p3
(n− 1 copies of X+

p3
). �
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INFINITE PRODUCTS USING
MULTIPLICATIVE MODULUS FUNCTION

C. GANESA MOORTHY
(Received: 20-05-2019 ; Revised: 24-10-2019 )

Abstract. The usual nonnegative modulus function is based on addi-

tion. A natural different modulus function on the set of positive reals is

introduced. Arguments for results for series through the usual modulus

function are transformed to arguments for results for infinite products

through the new modular function for multiplication. Counterparts

for Riemann rearrangement theorem and some tests for convergence

are derived. These counterparts are completely new results and they

are different from classical results for infinite products.

1. Introduction

After giving the definition of convergence of infinite products of com-

plex numbers, the following two results can be derived (see, e.g., [1]).

(i) For a sequence (an)∞n=1 of positive reals,
∏∞
n=1(1 + an) converges if

and only if
∑∞

n=1 an converges, and if and only if
∏∞
n=1(1− an) converges.

(ii) For a sequence (an)∞n=1 of complex numbers,
∏∞
n=1(1 + an) converges

whenever
∏∞
n=1(1 + |an|) converges. The convergence of

∏∞
n=1(1 + |an|) in

the second result is called absolute convergence of
∏∞
n=1(1 +an). However,

our expectation is that the absolute convergence of
∏∞
n=1(1 + an) should

mean the convergence of
∏∞
n=1 |1+an|. This expectation is to be fulfilled by

introducing a natural modulus function for multiplication. The results to

be obtained for infinite products use transformed arguments of arguments

used for results for infinite series. A counterpart of Riemann’s rearrange-

ment theorem is to be derived. Counterparts of tests for convergence of

series are to be derived for infinite products. Tests for convergence provide

necessary conditions and sufficient conditions for convergence.

Definition 1.1. Let (an)∞n=1 be a sequence of positive reals. Let pn =∏n
k=1 ak, for every n = 1, 2, 3, ....If pn → p for some real p > 0 as n → ∞,

2010 Mathematics Subject Classification: 40A20; Secondary 40A05

Key words and phrases: Infinite series, Infinite products, Nets.
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then it is said that the infinite product
∏∞
n=1 an converges to p and it

is written as p =
∏∞
n=1 an. Otherwise, it is said that

∏∞
n=1 an does not

converge.

Remark 1.2. The cases p = 0 and p = +∞ are not included for conver-

gence. A necessary condition for convergence is an → 1 as n → ∞, but

this is not sufficient. A necessary and sufficient condition is given in the

following known theorem. See [1].

Theorem 1.3. An infinite product
∏∞
n=1 an, with an > 0, ∀n, converges if

and only if for every ε > 0, there exists an integer n0 such that |amam+1...an−
1| < ε, whenever n > m ≥ n0.

Remark 1.4. Let 1 < p(1) < p(2) <... be a sequence of integers such that

p(n+ 1)− p(n) ≤M , for some finite M > 0. If a1a2...ap(1)ap(2)+1ap(2)+2...

ap(3)ap(4)+1...ap(2k)+1...ap(2k+1)... and ap(1)+1ap(1)+2...ap(2)ap(3)+1ap(3)+2...

ap(4)ap(5)+1...ap(2k+1)+1...ap(2k+2)...converge to r and s, then a1a2... con-

verges to rs. This result can be derived by using Theorem 1.3. This can

be done by modifying the arguments of Theorem 8.14 in [1]. For exam-

ple, if (bn)∞n=1 and (cn)∞n=1 are sequences of positive numbers such that∏∞
n=1 bn and

∏∞
n=1 cn converge, then b1c1b2c2b3c3... and b1c

−1
1 b2c

−1
2 b3c

−1
3 ...

converge.

2. Modulus Function for Multiplication

For a given real number x, let

|x|+ = max{x,−x} =

 x if x ≥ 0

−x if x ≤ 0.

Here |x|+ is the usual absolute value |x|. Let us call | |+ as additive ab-

solute value function (or additive modulus function). Observe that 0 is

the additive identity in the additive group of real numbers and −x is the

additive inverse of x. Observe also that 1 is the multiplicative identity in

the multiplicative group of positive numbers, and x−1 is the multiplicative

inverse of x > 0.

Definition 2.1. For a given positive real number x, let us define

|x|× = max{x, x−1} =

 x if x ≥ 1

x−1 if x ≤ 1.

Let us call | |× as multiplicative absolute value function (or multiplicative

modulus function). Here |x|−1× ≤ x ≤ |x|×. Also, |xy|× ≤ |x|×|y|× for

x > 0 and y > 0.
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Positive and negative parts corresponding to multiplication can also

be defined with an understanding that numbers in (0, 1) are multiplicative

negative numbers and that numbers in (1,+∞) are multiplicative positive

numbers.

Lemma 2.2. For a given x > 0, let p = (|x|×x)1/2, q =
(
|x|×
x

)1/2
. Then

p
q = x, pq = |x|×, p ≥ 1 and q ≥ 1.

Proof. Direct verification. �

The numbers p and q may be considered as multiplicative positive part

and multiplicative negative part of x in Lemma 2.2.

Definition 2.3. Let (an)∞n=1 be a sequence of positive numbers. Then∏∞
n=1 an is said to converge m-absolutely, if

∏∞
n=1 |an|× converges.

Lemma 2.4. Let (an)∞n=1 be a sequence of positive numbers such that∏∞
n=1 |an|× converges. Then

∏∞
n=1 an converges and

(∏∞
n=1 |an|×

)−1
≤∏∞

n=1 an ≤
∏∞
n=1 |an|×.

Proof. Note that for m > n,
∏m
k=n

1
|ak|× ≤

∏m
k=n ak ≤

∏m
k=n |ak|×. By

Theorem 1.3,
∏∞
n=1 an converges and 0 <

(∏∞
n=1 |an|×

)−1
≤
∏∞
n=1 an ≤∏∞

n=1 |an|× <∞. �

Lemma 2.4 may be roughly stated as “m-absolute convergence implies con-

vergence”.

Lemma 2.5. Let (an)∞n=1 be a sequence of positive reals converging to a

positive number K. Let (tn)∞n=1 be a sequence of positive reals such that∑∞
n=1 tn = +∞. Then (at11 a

t2
2 ...a

tn
n )

1
t1+t2+...+tn → K as n→∞.

Proof. Without loss of generality, let us assume that K = 1. Let ε > 0 be

given. Find an integer k such that |an|× < (1 + ε), ∀n ≥ k. Find M > 0

such that |an|× ≤M <∞, ∀n. Then

1 ≤ (at11 a
t2
2 ...a

tn
n )

1
t1+t2+...+tn

≤ (|a1|t1× ...|ak|
tk
× )

1
t1+t2+...+tn (|ak+1|

tk+1
× ...|an|tn× )

1
t1+t2+...+tn

≤M
t1+...+tk

t1+t2+...+tn (1 + ε)
tk+1+...+tn

t1+t2+...+tn .

Then, the right hand side tends to 1 + ε as n→∞, for every ε > 0. Thus,

at11 a
t2
2 ...a

tn
n → 1 as n→∞. This proves the result. �
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3. Rearrangements

The first Theorem 3.1 is a transformed version of the classical Riemann

rearrangement theorem. Let us use the word “rearrangement” in the usual

sense.

Theorem 3.1. Let (an)∞n=1 be a sequence of positive real numbers such that∏∞
n=1 an converges and

∏∞
n=1 |an|× does not converge. Suppose 0 ≤ α ≤

β ≤ ∞. Then there exists a rearrangement
∏∞
n=1 a

′
n with partial products

u′n =
∏n
k=1 a

′
k such that lim inf

n→∞
u′n = α and lim supn→∞ u

′
n = β.

Proof. Let pn = (|an|×an)1/2 and qn =
(
|an|×
an

)1/2
, for every n. By

Lemma 2.2, pn
qn

= an, pnqn = |an|×, pn ≥ 1 and qn ≥ 1, for every n. Since∏∞
n=1(pnqn) =

∞∏
n=1
|an|×, either

∏n
k=1 pk → +∞ as n→∞ or

∏n
k=1 qk →∞

as n→∞. Since
∏n

k=1 pk∏n
k=1 qk

=
∏n
k=1 ak converges as n→∞, if

∏n
k=1 pk con-

verges as n → ∞, then
∏n
k=1 qk converges as n → ∞, and similarly, if∏n

k=1 qk converges as n → ∞, then
∏n
k=1 pk converges as n → ∞. Hence∏n

k=1 pk →∞ and
∏n
k=1 qk →∞ as n→∞. Now, let p′1, p

′
2, ... denote the

factors of
∏∞
n=1 an which are greater than or equal to 1 in the order in which

they occur, and let q′1, q
′
2, ... be the multiplicative absolute values of the re-

maining factors of
∏∞
n=1 an in their original order. The products

∏∞
n=1 p

′
n

and
∏∞
n=1 q

′
n are different from

∏∞
n=1 pn and

∏∞
n=1 qn only by factors 1, and

therefore
∏n
k=1 p

′
k → ∞ and

∏n
k=1 q

′
k → ∞ as n → ∞. Choose sequences

(αn)∞n=1 and (βn)∞n=1 of positive numbers such that αn → α and βn → β

as n → ∞, αn < βn, ∀n, and β1 ≥ 1. Let m1, k1 be the smallest integers

such that p′1p
′
2...p

′
m1

> β1, p
′
1p
′
2...p

′
m1
q′−11 q′−12 ...q′−1k1

< α1 ; let m2, k2 be

the smallest integers such that p′1p
′
2...p

′
m1
q′−11 q′−12 ...q′−1k1

p′m1+1...p
′
m2

> β2,

p′1p
′
2...p

′
m1
q′−11 q′−12 ...q′−1k1

p′m1+1...p
′
m2
q′−1k1+1...q

′−1
k2

< α2; and let us continue

in this way. Let xn, yn denote the partial products of the rearrangement

p′1p
′
2...p

′
m1
q′−11 q′−12 ...q′−1k1

p′m1+1...p
′
m2
q′−1k1+1...q

′−1
k2
p′m2+1... whose last factors

are p′mn
, q′−1kn

. Then xn
p′mn

≤ βn and yn
q′−1
kn

≥ αn so that p′−1mn
≤ βn

xn
≤ 1

and 1 ≤ αn
yn
≤ q′kn . Since p′n → 1 and q′n → 1 as n→∞, then xn → β and

yn → α as n→∞. From our construction, if u′n is the n-th partial product

of the constructed rearrangement, then it is clear that lim inf
n→∞

u′n = α and

lim sup
n→∞

u′n = β. �

Remark 3.2. It should be observed from this Theorem 3.1 that if every

rearrangement converges then m-absolute convergence holds.
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Theorem 3.3. Let (an)∞n=1 be a sequence of positive numbers such that∏∞
n=1 |an|× converges. Then every rearrangement of

∏∞
n=1 an converges

and all of them converge to the same sum.

Proof. Let M =
∏∞
n=1 |an|×. Let un =

∏n
k=1 ak and u′n =

∏n
k=1 a

′
k be

partial products of
∏∞
k=1 ak and its one rearrangement

∏∞
k=1 a

′
k. To each

n, let An =
{
k ∈ {1, 2, ..., n} : |ak|× = |a′k|×

}
and Bn = {1, 2, ..., n} \ An.

Then

0 ≤
∣∣∣∏n

k=1
|ak|× −

∏n

k=1
|a′k|×

∣∣∣
+
≤M

∣∣∣∏
k∈Bn

|ak|× −
∏

k∈Bn

|a′k|×
∣∣∣
+

≤M

[∣∣∣1−∏
k∈Bn

|ak|×
∣∣∣
+

+
∣∣∣1−∏

k∈Bn

|a′k|×
∣∣∣
+

]
.

By Theorem 1.3, the right hand side tends to zero as n −→ ∞, because

|ak|× ≥ 1 and |a′k|× ≥ 1, ∀k. Therefore
∏∞
k=1 |ak|× =

∏∞
k=1 |a′k|×, and∏∞

k=1 |a′k|× converges. By Lemma 2.4,
∏∞
k=1 a

′
k converges. In the previous

arguments, for Bn defined above, let us observe that
∣∣∣1−∏k∈Bn

|ak|−1×
∣∣∣
+

+∣∣∣1 −∏k∈Bn
|a′k|×

∣∣∣
+

tends to zero as n → ∞. This is applicable even for

subsets of Bn. So, if Cn =
{
k ∈ {1, 2, ..., n} : ak = a′k

}
and Dn =

{1, 2, ..., n} \Cn, then
∣∣∣1−∏k∈Dn

ak

∣∣∣
+

+
∣∣∣1−∏k∈Dn

a′k

∣∣∣
+
→ 0 as n→∞,

because
∏
k∈Dn

|ak|−1× ≤
∏
k∈Dn

ak ≤
∏
k∈Dn

|ak|× and
∏
k∈Dn

|a′k|
−1
× ≤∏

k∈Dn
a′k ≤

∏
k∈Dn

|a′k|×. Thus

0 ≤
∣∣∣∏n

k=1
ak −

∏n

k=1
a′k

∣∣∣
+
≤M

[∣∣∣1−∏
k∈Dn

ak

∣∣∣
+

+
∣∣∣1−∏

k∈Dn

a′k

∣∣∣
+

]
implies that

∏∞
k=1 ak =

∏∞
k=1 a

′
k. �

Definition 3.4. A product
∏∞
k=1 bk is called a subproduct of

∏∞
k=1 ak if

bk = ak or 1 for all k, and bk = ak for infinitely many k.

Theorem 3.5. Let (an)∞n=1 be a sequence of positive numbers such that∏∞
n=1 |an|× converges. Consider a class of all products of the form

∏∞
n=1 a

cn
n ,

where −1 ≤ cn ≤ 1, ∀n. Then all these products converge uniformly

in the following sense. For every ε > 0, there is an integer n0, which

is common for all sequences (cn)∞n=1 satisfying −1 ≤ cn ≤ 1, ∀n, such

that
∣∣∣1 − ∏m

k=n a
ck
k

∣∣∣
+
< ε, ∀m,n ≥ n0 satisfying m > n, and so that∣∣∣1−∏∞k=n ackk ∣∣∣

+
≤ ε, ∀n ≥ n0.



44 C. GANESA MOORTHY

Proof.
∏m
k=n |ak|

−1
× ≤

∏m
k=n a

ck
k ≤

∏m
k=n |ak|×, when −1 ≤ ck ≤ 1, ∀k, and

when m > n. Thus∣∣∣1−∏m

k=n
ackk

∣∣∣
+
≤ max

{∣∣∣1−∏m

k=n
|ak|−1×

∣∣∣
+
,
∣∣∣1−∏m

k=n
|ak|×

∣∣∣
+

}
.

This observation proves the result, when Theorem 1.3 is applied. �

Corollary 3.6. Let (an)∞n=1 be a sequence of positive numbers such that∏∞
n=1 |an|× converges. Then, all subproducts

∏∞
k=1 bk of

∏∞
k=1 ak converge

uniformly in the following sense. For every ε > 0, there is an integer n0,

which is common for all subproducts
∏∞
k=1 bk, such that

∣∣∣1−∏m
k=n bk

∣∣∣
+
< ε,

∀m,n ≥ n0 satisfying m > n, and so that
∣∣∣1−∏∞k=n bk∣∣∣

+
≤ ε, ∀n ≥ n0.

Theorem 3.5 is placed in this section, because its proof uses arguments

which are used in the proof of Theorem 3.3. The next section is also

devoted to rearrangements in terms of unordered products.

4. Unordered Products

Let I be an infinite set. In this section, E,E1, E2, F, F1, F2 are notations

to be used for finite subsets of I with or without mentioning finiteness of

them. Let (ai)i∈I be a collection of positive numbers. Let I1 = {i ∈ I :

ai > 1}, I2 = {i ∈ I : ai < 1} and I3 = {i ∈ I : ai = 1}. These

notations are also fixed in this section. Let us say that
∏
i∈I ai converges,

if there is a number p ∈ (0,∞) such that for given ε > 0, there is a finite

set F ⊆ I such that
∣∣∣∏i∈E ai − p

∣∣∣
+
< ε, for every finite set E satisfying

F ⊆ E ⊆ I. In this case, let us say that
∏
i∈I ai converges to p and let us

write
∏
i∈I ai = p. Equivalently, this convergence happens when and only

when for given ε > 0, there is a set F ⊆ I such that
∣∣∣∏i∈E ai

p − 1
∣∣∣
+
< ε,

for every E satisfying F ⊆ E ⊆ I. One may find arguments, which are

necessary to prove Theorem 1.3, in the proof of the next lemma.

Lemma 4.1.
∏
i∈I ai converges if and only if for given ε > 0, there is a

finite set F ⊆ I such that
∣∣∣∏i∈E ai − 1

∣∣∣
+
< ε, whenever E ⊆ I \ F .

Proof. Suppose
∏
i∈I ai converges to some p > 0. Find F1 ⊆ I such

that
∣∣∣∏i∈E ai − p

∣∣∣
+
< p

4 , whenever F1 ⊆ E ⊆ I, and so that 0 < 3
4p <∏

i∈E ai <
5
4p. For given ε > 0, there is a set F2 ⊇ F1 such that

∣∣∣∏i∈E ai−∏
i∈F2

ai

∣∣∣
+
< 3

4pε whenever E ⊇ F2, and so that
∣∣∣∏i∈E\F2

ai − 1
∣∣∣
+
<

3pε
4
∏

i∈F2
ai
< ε. That is,

∣∣∣∏i∈E ai − 1
∣∣∣
+
< ε, whenever E ⊆ I \ F2.
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Conversely, assume that for given ε > 0, there is a set F such that∣∣∣∏i∈E ai − 1
∣∣∣
+
< ε, whenever E ⊆ I \ F . In particular, there is a set

F1 such that
∣∣∣∏i∈E ai − 1

∣∣∣
+
< 1

4 , whenever E ⊆ I \ F1, and so that 3
4 <∏

i∈E ai <
5
4 . Therefore, 3

4M <
∏
i∈E ai <

5
4M , for any E ⊆ I, where M =∏

i∈F1
ai. Fix ε > 0. Find a set F2 ⊇ F1 such that

∣∣∣∏i∈E ai − 1
∣∣∣
+
< 3Mε

4 ,

whenever E ⊆ I \ F2. Then, for F2 ⊆ E2 ⊆ E1,
∣∣∣∏i∈E1

ai −
∏
i∈E2

ai

∣∣∣
+

=∣∣∣∏i∈E1\E2
ai − 1

∣∣∣
+

∣∣∣∏i∈E2
ai

∣∣∣−1
+

< ε. Therefore, by triangle inequality,∣∣∣∏i∈E1
ai −

∏
i∈E2

ai

∣∣∣
+
< 2ε, whenever F2 ⊆ E1 and F2 ⊆ E2. Hence∏

i∈I ai converges. �

The following inequality will be used at the end of the proof of the next

lemma. |1− ab|+ ≤ |1− a|+ + |a|+|1− b|+.

Lemma 4.2.
∏
i∈I ai converges if and only if

∏
i∈I1 ai converges and

∏
i∈I2 ai

converges. (Convention: Finite products converge). Moreover,
∏
i∈I ai =(∏

i∈I1 ai

)(∏
i∈I2 ai

)
, in this case.

Proof. Suppose
∏
i∈I ai converges. Fix ε > 0. Then there is a set F such

that
∣∣∣∏i∈E ai − 1

∣∣∣
+
< ε, whenever E ⊆ I \ F . In particular,

∣∣∣∏i∈E ai −

1
∣∣∣
+
< ε, whenever E ⊆ I1 \ (I1 ∩ F ), and

∣∣∣∏i∈E ai − 1
∣∣∣
+
< ε, when-

ever E ⊆ I2 \ (I2 ∩ F ). This proves that
∏
i∈I1 ai and

∏
i∈I2 ai converge.

Since
∏
i∈E ai =

(∏
i∈E∩I1 ai

)(∏
i∈E∩I2 ai

)
for any E and multiplication

is continuous in the real line, then
∏
i∈I ai =

(∏
i∈I1 ai

)(∏
i∈I2 ai

)
. This

continuity of multiplication should be observed in terms of nets over di-

rected sets of the finite subsets of I1, I2, and I.

Conversely assume that
∏
i∈I1 ai and

∏
i∈I2 ai converge. Fix ε > 0.

There are F1, F2 such that
∣∣∣∏i∈E ai − 1

∣∣∣
+
< ε, whenever E ⊆ I1 \ F1, and∣∣∣∏i∈E ai−1

∣∣∣
+
< ε, whenever E ⊆ I2\F2. Then

∣∣∣∏i∈E ai−1
∣∣∣
+
< ε+(1+ε)ε,

whenever E ⊆ I \ F1 ∪ F2. This proves that
∏
i∈I ai converges. �

Remark 4.3. Suppose
∏
i∈I

ai converges. For each n, let Gn = {i ∈ I : ai <

1 − 1
n} and Hn = {i ∈ I : ai > 1 + 1

n}. Then Gn and Hn are finite sets,

because
∏
i∈I1

ai and
∏
i∈I2

ai converge. So, I1 =
∞⋃
n=1

Hn and I2 =
∞⋃
n=1

Gn are

countable sets. Thus, let us replace I by the countable set I1 ∪ I2, when

there is a need for simplification in notation in connection with convergence.
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On some occasions, it will be fixed as I = {1, 2, ...}. It should be observed

that convergence of all these products should be explained only in terms of

nets over directed sets of the finite subsets of I1, I2, and I.

Theorem 4.4. The followings are equivalent.

(a)
∏
i∈I |ai|× converges.

(b)
∏
i∈I ai converges.

(c) Let D be a directed set which is a cofinal subset of the directed set

{E : E is a finite subset of I} under the inclusion relation. That is, if E

is any finite subset of I, then there is a set F ∈ D such that E ⊆ F . (See

[2] for terminology). Then the net
(∏

i∈F |ai|×
)
F∈D

converges for any D

mentioned above. Moreover, all these nets converge to
∏
i∈I |ai|×.

(d) The net
(∏

i∈F ai

)
F∈D

converges for any D mentioned in (c). More-

over, all these nets converge to
∏
i∈I ai.

(e) Consider I in the form {1, 2, ...} as it was mentioned in the previous

Remark 4.3, on assuming (a) or (b). Write I in the form I = J1 ∪ J2 ∪ ....
in which Ji are pairwise disjoint infinite sets. Let us write each Ji in the

ordered form Ji = {i1, i2, ...}. Then for each i, the product
∏∞
j=1 aij con-

verges, and then the product
∏∞
i=1

(∏∞
j=1 aij

)
converges, for any decompo-

sition J1 ∪ J2 ∪ .... of I. In this case, they all converge to
∏
i∈I ai.

Note: The statement in part (e) is given in this specific form only for

the purpose of the implication: (a) or (b) implies (e). For the reverse

implication, let us take I as a countable set.

Proof. Suppose
∏
i∈I |ai|× converges. Then for any finite subset F of I,(∏
i∈F
|ai|×

)−1
≤
∏

i∈F
ai ≤

∏
i∈F
|ai|×,

and Lemma 4.1 implies that
∏
i∈I ai converges.

Conversely assume that
∏
i∈I ai converges. Then

∏
i∈I1 ai and

∏
i∈I2 ai

converge, by Lemma 4.2. So,
∏
i∈I1 |ai|× and

∏
i∈I2 |ai|× converge. By

continuity of multiplication,
∏
i∈I |ai|× converges.

Thus (a) and (b) are equivalent. From the definition for net convergence,

(a), (b), (c), (d) are equivalent, and common limits for nets also do exist

for (c) and (d).

To prove the equivalence of (a) and (e), suppose that
∏
i∈I |ai|× converges.

By Lemma 4.1, and Theorem 1.3,
∏∞
j=1 |aij |× converges for each i, when

the notations given in (e) are used. Moreover,

1 ≤
∏n

i=m

∏∞

j=1
|aij |× ≤

∏
i∈I
|ai|×,
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for any n,m satisfying n > m. Again by Lemma 4.1 and Theorem 1.3, it

can be observed that
∏∞
i=1

(∏∞
j=1 |aij |×

)
converges. The inequalities, for

n > m, (∏n

j=m
|aij |×

)−1
≤
∏n

j=m
aij ≤

∏n

j=m
|aij |×

give the convergence of
∏∞
j=1 aij , by Theorem 1.3. Similarly, the inequali-

ties, for n > m,(∏n

i=m

(∏∞

j=1
|aij |×

))−1
≤
∏n

i=m

∏∞

j=1
aij ≤

∏n

i=m

∏∞

j=1
|aij |×

give the convergence of
∏∞
i=1

∏∞
j=1 aij .

To prove the converse part, assume that
∏
i∈I |ai|× does not converge,

or equivalently
∏∞
n=1 |an|× does not converge, when I is considered in the

form {1, 2, ...} = I1 ∪ I2 as stated in the statement for (e). Then either∏
i∈I1 |ai|× = +∞ or

∏
i∈I2 |ai|× = +∞. For example, let us consider

the case
∏
i∈I1 |ai|× = +∞. In this case, let us find an infinite subset

J1 = {11, 12, ...} of I such that I1 \ J1 is infinite and such that
∏∞
j=1 a1j

does not converge. This is possible in view of Remark 3.2 and Remark 1.4.

Write (I1 \J1)∪ I2 in the form J2∪J2∪ ... such that each Ji = {i1, i2, ...} is

an infinite set and such that Ji are pairwise disjoint. Then
∏∞
i=1

∏∞
j=1 aij

does not converge.

It remains to establish the final part of (e). Let p =
∏∞
i=1

∏∞
j=1 aij for

some partition I = J1 ∪ J2 ∪ .... For each n, it is possible to find integers

m(n), n1, n2, ..., nm(n) such that
∣∣∣∏m(n)

i=1

∏ni
j=1 aij − p

∣∣∣
+
< 1

n , and such that

k1>n1, k2 > n2, ..., km(n) > nm(n), m(k) > m(n), whenever k > n. Let

D =
{
{ij : 1 ≤ j ≤ ni, 1 ≤ i ≤ m(n)} : n = 1, 2, ...

}
. Consider D as a

directed set under inclusion relation, and when I is considered as {ij : j =

1, 2, ..., i = 1, 2, ...}. Now the final part of (d) implies that p =
∏
i∈I ai. The

proof is now completed. �

Remark 4.5. In the previous Theorem 4.4, (e) includes iterated conver-

gence for double products. The part (d) includes some special types of net

convergence meant for double products corresponding to the one known for

double series in general forms. References for such general forms may be

found in [3]. By Theorem 3.3 and Remark 3.2, it can be stated that all

parts (a), (b), (c), (d),(e) are equivalent to one more part. (f): Consider

I in the form {1, 2, ...} (as it was done in (e)). Then all rearrangements∏∞
n=1 an of

∏
i∈I ai converge. Moreover, they all converge to

∏
i∈I ai.
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5. Tests For Convergence

If a necessary condition for convergence is not satisfied then convergence

fails. If a sufficient condition for convergence is satisfied then convergence

is assured. All results giving conditions for convergence are classified un-

der tests for convergence. For example, if lim supn→∞ | log an|
1
n
+ < 1 then∏∞

n=1 an converges, formally, according to the root test for series conver-

gence. This statement can be made into a logically correct statement. But,

it is not our aim. Our aim is to use necessary transformations in arguments

of proofs of results. Let us consider again countable infinite products.

Proposition 5.1. Let (tn)∞n=1 and (an)∞n=1 be sequences of positive num-

bers such that
∑∞

n=1 tn converges and such that lim supn→∞ a
1
tn
n = β < ∞

and lim infn→∞ a
1
tn
n = α > 0. Then

∏∞
n=1 an converges.

Proof. Fix α
′

and β
′

such that 0 < α
′
< α ≤ β < β

′
< ∞. Then there is

an integer n0 such that α
′
< a

1
tn
n < β

′
, ∀ n ≥ n0. Then, for n > m ≥ n0,

α
′
∑n

k=m tk
<
∏n

k=m
an < β

′
∑n

k=m tk
.

Now, the proposition follows from Theorem 1.3. �

Corollary 5.2. Let (tn)∞n=1 be a sequence of positive numbers such that∑∞
n=1 tn converges. Let (an)∞n=1 be a sequence of positive numbers such that

an ≥ 1, ∀n, and such that lim supn→∞ a
1
tn
n <∞. Then

∏∞
n=1 an converges.

Here “an ≥ 1” and “ lim supn→∞ a
1
tn
n < ∞” can be replaced by “an ≤ 1”

and “ lim infn→∞ a
1
tn
n > 0” to get the same conclusion:

∏∞
n=1 an converges.

Theorem 5.3. Suppose a1 ≥ a2 ≥ ... ≥ 1.Then
∏∞
n=1 an converges if and

only if
∏∞
k=0 a

2k

2k
= a11a

2
2a

4
4a

8
8.... converges.

Proof. Let un = a1a2...an, and vk = a2
0

20a
21

21a
22

22 ....a
2k

2k
. For n < 2k,

un ≤ a1(a2a3)...(a2ka2k+1...a2k+1−1) ≤ a11a22a44...a2
k

2k = vk

so that un ≤ vk. On the other hand, if n > 2k,

un ≥ a
1
2
1 a2(a3a4)...(a2k−1−1...a2k) ≥ (a11a

2
2a

4
4...a

2k

2k)
1
2 = v

1
2
k

so that u2n ≥ vk. These two inequalities establish the result, because an ≥ 1,

∀n. �

Definition 5.4. Suppose an > 1, for each n. The product a1a
−1
2 a3a

−1
4 a5a

−1
6 ....

is called an alternating product.
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Theorem 5.5. If (an)∞n=1 is a strictly decreasing sequence converging to

1, then the alternating product a1a
−1
2 a3a

−1
4 a5a

−1
6 ... converges.

Proof. Let b1 = a1a
−1
2 , b2 = a3a

−1
4 , b3 = a5a

−1
6 ,... .Then bn > 1, ∀n. Hence,∏∞

n=1 bn converges if and only if (
∏n
k=1 bk)

∞
n=1 is a bounded sequence. Let

us observe that
∏n
k=1 bk = a1(

a2
a3

)−1(a4a5 )−1... (a2n−2

a2n−1
)−1a−12n < a1, because

(a2a3 )−1, (a4a5 )−1, ...(a2n−1

a2n−1
)−1, a−12n are less than 1. So,

∏∞
n=1 bn converges.

The value of a1a
−1
2 a3a

−1
4 a5a

−1
6 ...a

(−1)m+1

m is
∏m

2
k=1 bk if m is even, and it

is
(∏m−1

2
k=1 bk

)
am if m is odd. So, a1a

−1
2 a3a

−1
4 ... converges to

∏∞
n=1 bn,

because am → 1 as m→∞. �

Corollary 5.6. If (an)∞n=1 is a strictly decreasing sequence in (0, 1) which

converges to zero, then (1− a1)(1− a2)−1(1− a3)(1− a4)−1... converges.

Proof. Here, ((1− an)−1)∞n=1 is a strictly decreasing sequence, which con-

verges to 1. �

Theorem 5.7. Let (an)∞n=1 be a sequence of positive numbers such that∏∞
n=1 an converges to p. Let (tn)∞n=1 be a sequence of positive numbers such

that t1+t2+... = +∞. Let un =
∏n
k=1 ak, and σn = (ut11 u

t2
2 ...u

tn
n )

1
t1+t2+...+tn ,

∀n. Then σn converges to p as n→∞.

Proof. Let vn = un
p and τn = σn

p , ∀n. Then (vt11 v
t2
2 ...v

tn
n )

1
t1+t2+...+tn = σn

p ,

∀n. Choose a finite positive number A such that |vn|× ≤ A, ∀n. Given

ε > 0, choose an integer k such that |vn|× ≤ 1 + ε, ∀n > k. Then

1 ≤ |τn|× =
∣∣∣σn
p

∣∣∣
×
≤ (|v1|t1× |v2|

t2
× ...|vk|

tk
× )

1
t1+t2+...+tn

(|vk+1|
tk+1
× ...|vn|tn× )

1
t1+t2+...+tn ≤ A

t1+t2+...+tk
t1+t2+...+tn (1 + ε)

tk+1+t2+...+tn

t1+t2+...+tn .

Thus 1 ≤ |τn|× ≤ 1 + 2ε for sufficiently large n, because t1 + t2 + ... = ∞.

This proves that lim
n→∞

|τn|× = 1 = lim
n→∞

τn. So, lim
n→∞

σn = p. �

Corollary 5.8. Let (an)∞n=1 be a sequence of positive numbers such that∏∞
n=1 an converges to p. Let un =

∏n
k=1 ak, and σn = (u1u2...un)

1
n , ∀n.

Then σn converges to p as n→∞.

Theorem 5.9. Suppose (bn)∞n=1 be a sequence of positive reals such that∏∞
n=1

bn
bn+1

converges m-absolutely and such that bn → 1 as n → ∞. Sup-

pose (an)∞n=1 be a sequence of real numbers such that
{∑m

k=n ak : m =

1, 2, ..., n = 1, 2, ..., n ≤ m
}

is a bounded set. Then
∏∞
k=1 b

ak
k converges.
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Proof. Suppose
∣∣∣∑m

k=n ak

∣∣∣
+
≤ M , ∀ n = 1, 2, ..., ∀m = 1, 2, ..., subject to

the condition n ≤ m, for some M > 0. Note that, for n > 2,

ba11 b
a2
2 ...b

an
n =

(b1
b2

)a1(b2
b3

)a1+a2
...
(bn−1
bn

)a1+a2+...+an−1

ba1+a2+...+ann

Then(∣∣∣b1
b2

∣∣∣
×

∣∣∣b2
b3

∣∣∣
×
...
∣∣∣bn−1
bn

∣∣∣
×

)−M
|bn|−M× ≤ ba11 b

a2
2 ...b

an
n

≤
(∣∣∣b1
b2

∣∣∣
×

∣∣∣b2
b3

∣∣∣
×
...
∣∣∣bn−1
bn

∣∣∣
×

)M
|bn|M× .

One can derive similar inequalities for bamm b
am+1

m+1 ...b
an
n , and for m < n, and

then Theorem 1.3 can be applied to derive convergence of
∏∞
k=1 bk

ak . �

This Theorem 5.9 gives a motivation for concepts and results to be given

in Sections 6 and 7. Theorem 5.7 and Theorem 5.9 of this Section 5 are

comparable with the corresponding classical summability results, Theorem

8.48 in [1] and Theorem 8.27 in [1], which are attributed to the mathemati-

cians Cesaro and Abel, respectively.

6. Matrices and Multiplicability

Let (0,∞)n denote the cartesian product
∏n
i=1Xi in which each Xi =

(0,∞), multiplication is defined coordinatewisely, and elements are written

as transpose of row vectors (x1, x2, ..., xn). More explicitly,

x1

x2

.

.

.

xn





y1

y2

.

.

.

yn


=



x1y1

x2y2

.

.

.

xnyn


or (x1, x2, ..., xn)T (y1, y2, ..., yn)T = (x1y1, x2y2, ..., xnyn)T in (0,∞)n. Let

A = (aij) be a matrix of order m× n with real entries aij . Let us define

A ∗



x1

x2

.

.

.

xn


=



xa111 xa122 ...xa1nn

xa211 xa222 ...xa2nn

.

.

.

xam1
1 xam1

2 ...xamn
n


such that A is a multiplication preserving function from (0,∞)n to (0,∞)m.

Then, for a given matrix B = (bij) of order k ×m with real entries, it can

be verified that
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B ∗


A ∗



x1

x2

.

.

.

xn




= (BA) ∗



x1

x2

.

.

.

xn


,

∀ (x1, x2, ..., xn)T ∈ (0,∞)n, where BA is the usual matrix multiplication.

Let C be another matrix of order k×m with real entries. Then the following

is true for every (x1, x2, ..., xn)T ∈ (0,∞)n:

(C +B) ∗


A ∗



x1

x2

.

.

.

xn




=


C ∗


A ∗



x1

x2

.

.

.

xn








B ∗


A ∗



x1

x2

.

.

.

xn






.

Also,

(C +B) ∗



y1

y2

.

.

.

ym


=


C ∗



y1

y2

.

.

.

ym






B ∗



y1

y2

.

.

.

ym




,

∀ (y1, y2, ..., ym)T ∈ (0,∞)m. Let D and E be matrices of order n× k with

real entries. Then it can be verified that

A ∗


(D + E) ∗



z1

z2

.

.

.

zk




=


A ∗


D ∗



z1

z2

.

.

.

zk








A ∗


E ∗



z1

z2

.

.

.

zk






∀ (z1, z2, ..., zk)

T ∈ (0,∞)k. Thus, there are interesting matrix operations.

With this familiarity of the operation ∗ for finite matrices, let us extend the

same for infinite matrices or double sequences which are associated with

summability. Corollary 5.8 is also a counterpart of a summability method.
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Proposition 6.1. Let (am,n)∞m,n=1 be a double sequence of positive numbers

such that
∑∞

n=1 am,n ≤ M , for every m, for some M > 0, and such that

limm→∞ am,n = 0, for every n. Then, for every sequence (xn)∞n=1 of posi-

tive reals for which limn→∞ xn = p > 0 exists, limm→∞
∏∞
n=1(

xn
p )am,n = 1.

Equivalently, limm→∞
∏∞
n=1 xn

am,n = 1, whenever limn→∞ xn = 1 and

xn > 0, ∀n.

Proof. Suppose (xn)∞n=1 be a sequence of positive reals such that xn → 1

as n → ∞. Fix ε > 0. Find an integer n0 such that |xk|× < (1 + ε)
1

2M , ∀
k ≥ n0. Then, for l > k ≥ n0,
(1 + ε)

−1
2 <

∏l

s=k
|xs|
−am,s

× ≤
∏l

s=k
xs
am,s ≤

∏l

s=k
|xs|

am,s

× < (1 + ε)
1
2 ,

∀ m, and hence (1 + ε)
−1
2 ≤

∏∞
n=n0+1 xn

am,n ≤ (1 + ε)
1
2 , ∀ m. Find an

integer m0 such that

(1 + ε)
−1
2 <

∏n0

k=1
|xk|

−am,k

× ≤
∏n0

k=1
xk

am,k ≤
∏n0

k=1
|xk|

am,k

× < (1 + ε)
1
2 ,

∀ m ≥ m0. Thus, for m ≥ m0, (1 + ε)−1 ≤
∏n0
n=1 xn

am,n
∏∞
n=n0+1 xn

am,n ≤
(1 + ε). That is, for given ε > 0, there is an integer m0 such that

(1 + ε)−1 ≤
∏∞
n=1 xn

am,n ≤ (1 + ε), ∀ m ≥ m0. This proves that

limm→∞
∏∞
n=1 xn

am,n = 1. �
7. Power Products

Corresponding to a power series, it is possible to introduce power

products.

Definition 7.1. Let (an)∞n=1 be a sequence of positive reals. A formal

power product is a0a1
xa2

x2a3
x3 ... or

∏∞
n=0 an

xn .

Remark 7.2. This formal power product converges to a value, if |x|+ <

lim sup
n→∞

| log an|
1
n
+. This can be derived from the corresponding power series

obtained by logarithmic transformation. This is not our method of deriving

results. Let us now recall Theorem 5.9 in another version.

Theorem 7.3. Suppose (bn)∞n=1 be as in Theorem 5.9. Then the power

product
∏∞
k=1 bk

xk converges for every real x ∈ [−1, 1).

Proof. Let x ∈ [−1, 1). Write ak = xk, for k = 1, 2, .... Then
{∑m

k=n ak :

m = 1, 2, ..., n = 1, 2, ..., n ≤ m
}

is a bounded set. By Theorem 5.9,∏∞
k=1 bk

xk converges. �

Corollary 7.4. Let (bn)∞n=1 be a strictly increasing sequence of positive

reals converging to 1. Then the power product
∏∞
k=1 bk

xk converges for

every real x ∈ [−1, 1).
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Proof. For n > m,

1 ≤
∣∣∣ bm
bm+1

∣∣∣
×

∣∣∣bm+1

bm+2

∣∣∣
×
...
∣∣∣ bn
bn+1

∣∣∣
×

=
bm+1

bm

bm+2

bm+1
...
bn+1

bn
=
bn+1

bm
<

1

bm
,

and 1
bm
→ 1 as m → ∞. Therefore, by Theorem 1.3,

∏∞
n=1 |

bn
bn+1
|× con-

verges. Now, the conclusion follows from Theorem 7.3. �

So, there is a need to improve Theorem 5.9. The next result may remind

Cauchy product for sequences.

Theorem 7.5. Let (an)∞n=1 and (bn)∞n=1 be two sequences of positive reals

such that
∏∞
n=0 an and

∏∞
n=0 bn converge to A and B. For each n, let

cn = a0bna1bn−1...anb0, An =
∏n
k=0 ak, Bn =

∏n
k=0 bk and Cn =

∏n
k=0 ck.

Then An
1
n → 1, Bn

1
n → 1, Cn

1
n → AB and cn

1
n → 1 as n→∞.

Proof. By Theorem 1.3, an → 1, bn → 1 as n → ∞. By Lemma 2.5,

all conclusions follow, because Cn = A0A1...AnB0B1...Bn, and An → A,

Bn → B as n→∞. �
8. Conclusion

The problem in using transformation technique lies in guessing meth-

ods for transformation. For example, transformations were not used since

nineteenth century to define multiplicative modulus function from additive

modulus function. One can guess that a transformation can be applied

to derive multiplicative modulus function from additive modulus function,

only after introducing the concept of multiplicative modulus function. So,

separate techniques should be developed for infinite products. Theory of

infinite products is also applicable like theory of infinite series. This is the

need for development of theory of infinite products. Corollary 7.4 is simple

to write examples. But it is not sufficient. So, Theorem 5.9 should be

improved in all possible ways, but subject to simple conditions.
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1. Introduction

The purpose of this expository article is to describe a charming and

entirely elementary theorem of Wedderburn, known as the Wedderburn

Factorization Theorem. It describes how certain polynomials over a field

F factor completely into linear factors over a division algebra D whose

center is F . This theorem merits being better known than it appears to

be, especially given how easy it is to prove, and our hope, indeed, is that

this article will contribute to that goal.

We use this opportunity to also describe the notion of valuations on

division algebras, and show how Wedderburn’s theorem allows us to prove

a key result about the uniqueness of such valuations. We end by giving a

construction of an infinite family of division algebras, using the properties

of valuations.

First recall that if K/F is a finite extension of fields, K is said to be

normal over F if the minimal polynomial over F of every element k ∈ K
splits completely over K. Normality is thus a measure of algebraic “full-

ness” over F , and yields desirable characteristics. For instance, if L/F

is an extension of fields containing K/F as a subextension, then any el-

ement of the group of symmetries of L/F carries K to K. As another

example, the group of symmetries of K/F is as large as it can possibly

be, after factoring out the elements purely inseparable over F : we have

|Gal(K/F )| = [K : F ins], where F ins is the set of elements purely insepara-

ble over F . (In general, without the normality assumption, we would only

have |Gal(K/F )| ≤ [K : F ins]).
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Key words and phrases: Wedderburn Facorization Theorem, Valuation on Division

Algebras.

c© Indian Mathematical Society, 2019 .
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Now let D be an F -central division algebra, finite-dimensional over F .

Any nonzero element d ∈ D generates over F a commutative subring F [d]

of D, which as a set is just {f0 + f1d + · · · + fkd
k | k ≥ 0, fi ∈ F}. The

subring F [d] is necessarily finite-dimensional as a vector space over F , since

D itself is finite-dimensional over F . Hence, the set {1, d, d2, . . . } cannot be

F -linearly independent, and exactly as in the case of field extensions, there

exists some (say monic) polynomial md,F of least degree with coefficients

in F satisfied by d (see for instance [5, Chapter V, §1]). This polynomial

is necessarily irreducible, for exactly the same reasons as in the field case:

Assume that md,F = fg for polynomials f, g ∈ F [x] of lower degree than

md,F . The evaluation map from F [x] to F [d] that arises from substituting

x = d is a ring homomorphism (this would not be true if F were a more

general ring, as we will see in Remark 2.2 Part 1 ahead). Hence, 0 =

md,F (d) = f(d)g(d). Since D is a division ring, either f(d) or g(d) must be

zero. But this violates the minimality of md,F .

In analogy with the case of field extensions, it is reasonable to ask if

md,F factors completely in D.

Let us study a simple example, the first and most well-known example

of a division algebra. This is Hamilton’s Quaternions, denoted by H. This

is the four-dimensional R-vector space with basis 1, i, j,k, so H = {p(=
p · 1) + q · i + r · j + s · k, p, q, r, s ∈ R}. Here, i, j, and k are symbols, and

multiplication is given R-bilinearly, subject to the following rules: ij = k,

ji = −k, i2 = j2 = −1 (from which one derives the rules k2 = −1, jk = i,

ki = j, kj = −i and ik = −j), and, pi = ip, pj = jp for all p ∈ R (which

yields the rule pk = kp as well). It is easy to see that this is a division

algebra: we have the identity

(p+ qi + rj + sk)(p− qi− rj− sk) = p2 + q2 + r2 + s2 := N(d),

so if d = p + qi + rj + sk is nonzero, then (p, q, r, s) 6= (0, 0, 0, 0), and we

may divide the second factor on the left above by the nonzero real number

N(d) to determine the inverse of d as

d−1 =
p

N(d)
− q

N(d)
i− r

N(d)
j− s

N(d)
k.

In this simple example, it is easy to see that for any nonzero d ∈ H,

md,R splits completely in H. In fact, it splits completely in R[d] itself. This

is of course trivial if d ∈ R, since md,R in that case is just x− d. For d 6∈ R,

first note that more generally, for any division algebra D finite-dimensional

over its center F and nonzero d ∈ D, the subring F [d] is necessarily a field.
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For, if md,F = xm + fm−1x
m−1 + · · ·+ f1x+ f0, then f0 6= 0, for otherwise,

md,F would admit the nontrivial factor x. We may write

d(dm−1 + fm−1d
m−2 + · · ·+ f1) = −f0

and exactly as in the field case and in the case of H above, we may divide

the second factor on the left by −f0 to find that the inverse of d lies in F [d]

itself. Applying this same reasoning to any e 6= 0 in F [d] shows that the

inverse of e lies in F [e] ⊆ F [d]. Thus, F [d] is a field.

Now, in our particular case of the Quaternions H, for d 6∈ R, the field

R[d] has to be an isomorphic copy of C, as C is the only nontrivial finite-

dimensional field extension of R. Thus, md,R has to split completely in R[d]

as C is algebraically closed. (Alternatively, as deg(md,R) = [C : R] = 2 and

x− d is already a factor in F [d], the other factor of md,R has to be linear.)

But what about more complicated examples of division algebras? This

is where the Wedderburn Factorization theorem comes in. It shows that if

F is any field, and if D is any division algebra finite-dimensional over its

center F , then D/F is normal in the same sense as in field theory: md,F

factors completely in D for any d ∈ D! Wedderburn’s proof of this rather

elegant theorem is elementary. We give his original proof of this theorem,

and then describe a nontrivial application of this theorem to valued division

algebras due to Wadsworth [8]: we describe how this theorem can be used to

show that if F has a valuation v defined on it, and if this valuation extends

to D, then the extension is completely determined by the valuation on

F ! We give examples of valuations on division algebras extending a given

valuation on the center, describing, in the process, a natural genaralization

of Hamilton’s quaternions that yields division algebras of dimension n2 for

any integer n = 2, 3, . . . .

2. Factorization theorem

We describe the Wedderburn Factorization theorem in this section. The

theorem appears in Wedderburn’s paper [9], where he uses it to study

division algebras whose dimension over their centers is 9. Wedderburn’s

proof of his theorem, which we give below, is also described in the texts

[6] and [4], among others. As already noted in Section 1, the proof is quite

elementary; a more conceptual proof was given later by Jacobson, and can

be found in [7].

For any ring R (always with 1), let R[t] denote the polynomial ring in

one variable t over R, where t commutes elementwise with R. For a poly-



58 BHARATH SETHURAMAN AND ABHAY SOMAN

nomial f(t) =
∑n

i=0 ait
i and an element r ∈ R, we define the evaluation

of f at r by f(r) :=
∑n

i=0 air
i ∈ R. Note that (f + g)(d) = f(d) + g(d) for

two polynomials f, g ∈ R[t]. Note, too, that to evaluate f = gh ∈ R[t] at

r ∈ R we must first multiply out g and h and write f in the form
∑
ait

i,

and then substitute r for t. (See Remark 2.2, Part 1 below.)

Definition 2.1. An element r ∈ R is said to be a right root of f ∈ R[t] if

f(r) = 0.

Remark 2.2. (1) In general, if f = gh it does not follow that f(r) =

g(r)h(r). Indeed, consider a division algebra D with center F , and

d, d1 ∈ D \ {0} are such that dd1 6= d1d. Put g(t) = (t − d), and

h(t) = (t− d1). Then g(d)h(d) = 0, while

gh(d)=(t2−(d+d1)t+dd1)|t=d = d2−d2−d1d+dd1=dd1 − d1d 6= 0.

(2) Given f , h in R[t], we say that h is a right factor of f if f = gh

for some g ∈ R[t]. An analogous definition holds for left factors.

(3) Over a field, a polynomial of degree n has at most n distinct roots.

Over a division ring, this is no longer true. For instance, in the

Hamiltonian division algebra H over R, both i and −i satisfy t2 +1,

but so do ±j and ±k. Further, any element of H of the form ziz−1

with z 6= 0 is also a root of t2+1. Indeed, (ziz−1)2+1 = zi2z−1+1 =

z(i2 + 1)z−1 = 0. It is easy to produce infinitely many distinct

elements of the form ziz−1, so t2 + 1 has infinitely many roots.

(4) Let D and F be as in Part 1 of this remark. If f =
∑
ait

i ∈ F [t],

and d ∈ D is a root of f , then any conjugate zdz−1 is also a root.

Indeed, zf(t)z−1 =
∑
zait

iz−1 =
∑
ai(ztz

−1)i (since zai = aiz).

Also zf(t)z−1 = f(t).

For our next definition, let D be a division algebra with center F , and

D∗ the set of its nonzero elements. A conjugacy class in D is the set of

all conjugates zdz−1 of a fixed nonzero element d of D, as z varies through

D∗.

Definition 2.3. We say that a conjugacy class A is algebraic over F if

one (and hence all) of its element is algebraic over F .

Lemma 2.4. Let D be a division ring and let f = gh ∈ D[t]. Let d ∈ D
be such that a := h(d) 6= 0. Then f(d) = g(ada−1)h(d). In particular,

if d is a root of f but not of h, then ada−1 is a root of g.

Proof. Let g =
∑
bit

i and h =
∑
cjt

j . Then f =
(∑

bit
i
) (∑

cjt
j
)

=∑∑
bicjt

i+j , and hence
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f(d) =
∑∑

bicjd
i+j =

∑
bi

(∑
cjd

j
)
di =

∑
bi (h(d)) di =

∑
biad

i

=
∑

biad
ia−1a =

∑
bi(ada

−1)ia = g(ada−1)h(d).

The last statement of the lemma follows because D is a division ring and

has no zero divisors. �

Lemma 2.5. For f(t) ∈ D[t] and d ∈ D, we have f(t) = q(t)(t−d)+f(d).

In particular, d is a root of f if and only if t− d is a right factor of f .

Proof. We proceed by induction on deg f(t). If deg f(t) = 1, f(t) = at +

b, then f(t) = a(t − d) + ad + b, i.e., we can take q(t) = a. Suppose

deg f = n > 1 and let dn ∈ D be the leading coefficient of f(t). Put

g(t) = f − dnt
n−1(t − d)= f − dntn + dndt

n−1, then deg g < deg f , and

g(d) = f(d)− dndn + dndd
n−1 = f(d). Thus, by the induction there exists

q1 ∈ D[t] such that g(t) = f(t)− dntn−1(t− d) = q1(t− d) + g(d). Hence,

f(t) = (q1 + dnt
n−1)(t− d) + f(d). �

Proposition 2.6. Let D be a central division algebra over F and A a

conjugacy class of D which is algebraic over F with minimal polynomial

f ∈ F [t]. If a polynomial h ∈ D[t] \ {0} vanishes identically on A, then

deg h ≥ deg f .

Proof. We may assume that h is monic, since if h = emt
m + em−1t

m−1 +

· · ·+e0, then d is a root of h if and only if d is a root of tn +e−1m em−1t
m−1 +

· · ·+ e−1m d0. Let h = tm + d1t
m−1 + · · ·+ dm ∈ D[t] be such that h(A) = 0

and m = deg h < deg f is as small as possible. Observe that h /∈ F [t], as

f is the polynomial of least degree from F [t] that vanishes on A. Hence

some coefficient di is not in F , and therefore there is an s ∈ D such that

dis 6= sdi. For any a ∈ A, h(a) = am + d1a
m−1 + · · ·+ dm = 0. Hence

0 = (sas−1)m + d1(sas
−1)m−1 + · · ·+ dm.

On the other hand, using sdja
m−js−1 = sdjs

−1sam−js−1=

(sdjs
−1)(sas−1)m−j we also have

0 = (sas−1)m + (sd1s
−1)(sas−1)m−1 + · · ·+ (sdms

−1).

Hence the polynomial
∑m

j=1(dj − sdjs−1)tm−j vanishes on sAs−1 = A.

Since dis 6= sdi, the above polynomial is nonzero, and its degree < m. This

contradicts the choice of m. �

Theorem 2.7 (Wedderburn Factorization Theorem). Let D be a division

algebra with center F . Let A be a conjugacy class of D which is algebraic

over F , with minimal (monic) polynomial f ∈ F [t] of degree n. Then there

exists a1, . . . , an ∈ A such that f =
∏n

i=1(t− ai) ∈ D[t]. Also, f is product
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of the same linear factors, permuted cyclically. The element a1 ∈ A can be

arbitrarily prescribed.

Proof. Fix a1 ∈ A, so a1 is a root of f and hence t− a1 is a right factor of

f . Consider a factorization of f

f = g(t)(t− ar) · · · (t− a1)
with g ∈ D[t], ai ∈ A, where r is chosen as large as possible. We claim that

h = (t−ar) · · · (t−a1) vanishes identically on A. Indeed, for a ∈ A we have

f(a) = 0. If h(a) 6= 0 then by lemma 2.4, g(ar+1) = 0 for a conjugate ar+1

of a. Then we can write g = g1(t)(t− ar+1) for some g1 ∈ D[t], and thus f

has a right factor (t−ar+1)(t−ar) · · · (t−a1), which contradicts the choice

of r. Hence h(a) = 0 for every a ∈ A. Hence by Lemma 2.6, deg h ≥ deg f .

Since deg f ≥ deg h by construction, we find f(t) =
∏n

i=1(t− ai).
To prove the last assertion, we show that for f ∈ F [t] if f = gh ∈ D[t],

then f = hg ∈ D[t]. Indeed, for g ∈ D[t], we have gf = fg since the

coefficients of f are in F . Thus, gf = fg = ghg, i.e., g(f − hg) = 0 ∈ D[t].

Hence, f = hg. �

An interesting paper of Laffey and Meehan ([3]) carries Wedderburn’s

computations much further. For an arbitrary ring R, the authors analyze

the factorization over R of an arbitrary polynomial in Z(R)[t], where Z(R)

is the center of R. They show that under a certain existence condition, the

polynomial factors into conjugate linear factors, exactly as in the Wedder-

burn factorization. They apply their result then to matrix rings Mn(F )

over arbitrary fields F of characteristic zero, and show that any polynomial

of degree n with coefficients in F factors over the matrix ring into conjugate

linear factors.

3. Valuation on a division algebra

In this section, we consider valuations on fields and division algebras

finite-dimensional over their centers.

Recall that an abelian group Γ is totally ordered if it is linearly ordered

as a set, and if g ≤ h implies g + k ≤ h+ k for all g, h, k ∈ Γ.

Definition 3.1. [2, Chapter 9, Definition 9.4′] A valuation v on a field F

is a map v : F → Γ ∪ {∞}, where Γ is a totally ordered abelian group,

and ∞ a symbol such that

γ <∞ and γ +∞ =∞+∞ =∞ for all γ ∈ Γ, (3.1)

subject to the following conditions: for all x, y ∈ F ,

(1) v(x) =∞ if and only if x = 0;
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(2) v(x+ y) ≥ min{v(x), v(y)};
(3) v(xy) = v(x) + v(y).

We denote v
(
F \ {0}

)
by ΓF . It is called the value group of F and

is indeed a subgroup of Γ. Note that by Part 3 of the definition, v is a

group homomorphism from F \ {0} to ΓF . In particular, v(1) = 0, and the

relation −1 ·−1 = 1 then shows that v(−1) = 0. The field and its valuation

are often jointly referred to as (F, v).

It is useful to observe that if x ∈ F has positive value, then v(1+x) = 0.

For, by Definition 3.1 Part 2, v(1+x) ≥ min(v(1), v(x)) = 0. If v(1+x) were

positive, we would find v(1) = v ((1 + x)− x) ≥ min (v(1 + x), v(−x)), and

since v(−x) = v(−1 ·x) = v(−1)+v(x) = v(x) > 0, we would find v(1) > 0,

a contradiction.

It follows from this that if v(x) < v(y) then v(x + y) = v(x). For,

v(x + y) = v
(
x(1 + x−1y

)
. Now, from xx−1 = 1 we find v(x−1) =

−v(x), so v(x−1y) = v(y) − v(x) > 0. Hence by what we just showed,

v
(
x(1 + x−1y)

)
= v(x) + v(1 + x−1y) = v(x).

Example 3.2. Let F = E(x) be the rational function field in one variable

over a field E. Note that Z is naturally a totally ordered abelian group.

We define a valuation vx : F → Z∪ {∞} as follows: If 0 6= f ∈ E[x] is such

that f=arx
r+ar+1x

r+1+· · ·+ar+sx
r+s where ar 6= 0, then define vx(f) = r.

For any nonzero element f/g ∈ F we define v(f/g) = v(f) − v(g), and

v(0) =∞.

Example 3.3. Let F = E(x, y) be the rational function field over E in

two variables. Note that Z × Z is a totally ordered abelian group under

the reverse lexicographic ordering: (a, b) > (c, d) if b > d, or else, b = d

and a > c. Define a valuation v : F → (Z × Z) ∪ {∞} as follows: Let

0 6= f ∈ E(x)[y] and write f in the form f = fry
r+fr+1y

r+1+· · ·+fr+sy
r+s,

where fi ∈ E(x) and fr 6= 0. Define v(f) :=
(
vx(fr), r

)
. For any nonzero

element f/g ∈ F we define v(f/g) = v(f) − v(g), and v(0) = ∞. In

particular, v(x) = (1, 0) and v(y) = (0, 1). Note that the zero element in

Z× Z is (0, 0) and v(e) = (0, 0) for all e ∈ E.

In what follows, we restrict our attention to division algebras finite-

dimensional over their centers.

Definition 3.4 (Valuation on a division algebra). Let D be a division

algebra, finite-dimensional over its center. A valuation on D is a function

vD : D → Γ ∪ {∞},
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where Γ and ∞ are as in Definition 3.1, subject to the following conditions:

for all x, y ∈ D,

(1) vD(x) =∞ if and only if x = 0;

(2) vD(x+ y) ≥ min{vD(x), vD(y)};
(3) vD(xy) = vD(x) + vD(y).

We denote vD
(
D \ {0}

)
by ΓD. It is called the value group of D and is

indeed a subgroup of Γ. Just as in the field case, vD is a group homomor-

phism from D \ {0} to ΓD, so vD(1) = vD(−1) = 0. The division algebra

and its valuation are often jointly referred to as (D, vD).

Definitions 3.4 and 3.1 are clearly very similar. Indeed, if F is the

center of D, then vD restricts to a valuation on F in the sense of Definition

3.1. In the other direction, if (F, v) is a valued field and D is a division

algebra with center F , we say a valuation vD on D extends v if vD|F = v.

In general, a valuation v on F need not extend to D, but the remarkable

fact is that if it does extend, it does so uniquely, via a simple formula that

determines it completely in terms of v. The derivation of this formula,

which we describe in Proposition 3.5 below, is a lovely application of the

Wedderburn Factorization theorem.

To understand the ingredients in the formula, it is useful to know certain

key facts about division algebras. While full proofs of these will take us

deep into a study of a more general family of algebras known as simple

algebras, the facts themselves can be described easily. We refer the reader

to [1, Part I, §5] or [2, Chapter 4, §4.6] for more details. A key result

is that if F is an algebraic closure of F , then D ⊗F F is isomorphic to

the matrix algebra Mt(F ) for some t. Since the F dimension of Mt(F ) is

t2, we find from the tensor product description that the dimension of any

division algebra over its center is a perfect square. The square root of this

dimension is called the index of the division algebra.

Next, given d ∈ D, we may work with its matrix avatar Md = d⊗ 1 in

Mt(F ) under the embedding

D
d7→d⊗1
↪−−−−→ D ⊗F F ∼= Mt(F ),

and consider its determinant. A second key result is that det(Md) lies in F ,

not just in F ! The value of this determinant is called the reduced norm of

d, and is denoted Nrd(d). It can be shown to be independent of the specific

isomorphism D ⊗F F ∼= Mt(F ) (there can be several) and is thus intrinsic

to D. (In fact, the expression N(d) = p2 + q2 + r2 + s2 obtained in Section
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1 from the quaternion d = p+ qi + rj + sk is nothing more than Nrd(d), a

tidy formula for the reduced norm in the case of the Quaternions!)

A third key result relates the reduced norm of d to its norm from F [d]

to F as defined via field theory. If [F [d] : F ] = n, the result is that

Nrd(d) =
(
NF [d]/F (d)

)ind (D)/n
,

where NF [d]/F (d) stands for the field theoretic norm, and ind (D) denotes

the index of D as defined above.

We can now describe the formula for the extension of v to D (assuming

such an extension exists).

Proposition 3.5 (Wadsworth [8]). Let D be a finite-dimensional central

division algebra over a valued field (F, v). Assume that w is a valuation on

D extending v. For all a ∈ D∗ we have w(a) = (1/ind (D))v(Nrd(a)).

In particular, if v extends to D, then the extension is uniquely determined

by v.

Proof. Let 0 6= a ∈ D and f(t) = tn+αn−1t
n−1+· · ·+α0 ∈ F [t] be the min-

imal polynomial of a over F . Thus, n = [F (a) : F ], NF [a]/F (a) = (−1)nα0,

so by the third key result described above, Nrd(a) = (−1)ind (D)α
ind (D)/n
0 .

Hence, v(Nrd(a)) = ind (D)
n v(α0). By the Wedderburn Factorization theo-

rem (2.7), we may find conjugates of a, ai = diad
−1
i (1 ≤ i ≤ n) such

that f(t) = (t− a1) · · · (t− an). In particular, α0 = (−1)na1a2 . . . an. Now

w(ai) = w(diad
−1
i ) = w(di) + w(a) + w(d−1), and the relation did

−1
i = 1

shows us that w(di) = −w(d−1i ). Hence, w(ai) = w(a) for all i, from which

it it follows that w(α0) = n · w(a); hence v(Nrd(a)) = ind (D)w(a). �

Example 3.6. Let E be a field containing a primitive n-th root of unity

ω. Let F = E(x, y) be the rational function field over E in two variables.

Let v be the valuation on F defined in (Example 3.3).

Define an F -algebra generated by i, j with the following relations:

in = x, jn = y, ij = ωji.

We denote this algebra by (x, y)n. It is easy to see that an arbitrary element

of this algebra can be written uniquely in the form
∑n−1

k,l=0
ckl i

kjl, where

ckl ∈ F , so the various powers ik, jl, k, l,= 0, . . . , n− 1 form an F basis.

Note that 1
n

(
Z×Z

)
is a totally ordered abelian group under the reverse

lexicographic ordering, just like its subgroup Z×Z. Consider the mapping

vD : (x, y)n → 1
n

(
Z× Z

)
∪ {∞} given by

vD

(∑n−1

k,l=0
ckl i

kjl
)

= min
k,l

(
v(ckl) +

k

n
(1, 0) +

l

n
(0, 1)

)
. (3.2)
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In particular,

vD(i) =
1

n
(1, 0), vD(j) =

1

n
(0, 1) and vD(α) = v(α) for α ∈ F. (3.3)

Notice that

vD(ikjl) ∈ ΓF if and only if k ∈ nZ and l ∈ nZ.

Furthermore, we can show, exactly as we did for valuations on fields above,

that the function vD on (x, y)n also satisfies vD(1 + e) = 0 if vD(e) is

positive, and vD(d + e) = vD(d) if vD(d) < vD(e) and if d is invertible in

(x, y)n.

We first show that vD satisfies all properties listed in Parts 1, 2, and 3

of Definition 3.4.

Suppose that vD

(∑n−1

k,l=0
ckl i

kjl
)

=∞. Then v(ckl)+
k
n(1, 0)+ l

n(0, 1) =

∞ for every k, l, i.e., v(ckl) =∞ for every k, l. Since v is a valuation on F ,

we have ckl = 0 for all k, l. Hence,
∑n−1

k,l=0
ckl i

kjl = 0, establishing Part 1.

Next, we have

vD

(∑n−1

k,l=0
ckl i

kjl +
∑n−1

k,l=0
dkl i

kjl
)

= vD

(∑n−1

k,l=0
(ckl + dkl) i

kjl
)

= min
k,l

(
v(ckl + dkl) + vD(ikjl)

)
≥ min

k,l

(
min

(
v(ckl), v(dkl)

)
+ vD(ikjl)

)
= min

k,l

(
min

(
v(ckl + vD(ikjl)), v(dkl + vD(ikjl)

))
= min

(
min
k,l

(
v(ckl) + vD(ikjl), v(dkl) + vD(ikjl)

))
= min

(
vD
(∑n−1

k,l=0
ckl i

kjl
)
, vD

(∑n−1

k,l=0
dkl i

kjl
))
,

establishing Part 2

To establish Part 3 needs a little more work. First, let us refer to

an expression such as ckli
kjl for 0 ≤ k < n, 0 ≤ l < n as a monomial.

Note that any monomial is invertible: this follows from the fact that the

inverse of ik is x−1in−k for 1 ≤ k < n, and the inverse of jl is y−1jn−l

for 1 ≤ l < n. First, we will show that if m1 and m2 are two monomials,

then vD(m1m2) = vD(m1) + vD(m2). Note that if m1 = ckli
kjl and m2 =

dk′l′i
k′jl

′
, then, setting ζ = ωk′l we have the following relations:
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m1m2 =


(ckldk′l′ ζ)ik+k′jl+l′ if k + k′ < n and l + l′ < n

(ckldk′l′ ζx)ik+k′−njl+l′ if k + k′ ≥ n and l + l′ < n

(ckldk′l′ ζy)ik+k′jl+l′−n if k + k′ < n and l + l′ ≥ n

(ckldk′l′ ζxy)ik+k′−njl+l′−n if k + k′ ≥ n and l + l′ ≥ n

Notice that from the expressions for m1m2 above that if m1 and m2 are

monomials, then m1m2 is also a monomial.

We will show that vD(m1m2) = vD(m1) + vD(m2) in the second of the

four cases above; the proof for the other cases is similar. We apply the

formula for vD for a single monomial, which is implicit in Definition 3.2:

vD(m1m2) = v(ckldk′l′ ζx) + k+k′−n
n (1, 0) + l+l′

n (0, 1)

= v(ckl) + v(dk′l′) + v(ζ) + v(x) + k+k′−n
n (1, 0) + l+l′

n (0, 1)

= v(ckl) + v(dk′l′) + (0, 0) + (1, 0) + (k+k′

n − 1)(1, 0) + l+l′

n (0, 1)

= v(ckl) + k
n(1, 0) + l

n(0, 1) + v(dk′l′) + k′

n (1, 0) + l′

n (0, 1)

= vD(m1) + vD(m2).

Here we have used the fact that v(ζ) = (0, 0), this is because ζn = 1, so

nv(ζ) = v(1) = (0, 0).

Now consider arbitrary elements d =
∑

k,l ckl i
kjl and e =

∑
k,l dkl i

kjl

of (x, y)n. Since vD(ikjl) and vD(ik
′
jl

′
) are in different cosets of Z × Z in

1
n

(
Z×Z

)
if (k, l) 6= (k′, l′), vD(ckli

kjl) 6= vD(dk′l′i
k′jl

′
). Hence we find that

there is a unique monomial m0 in d that has the lowest value of vD, so by

definition, vD(d) = vD(m0). Similarly, there is a unique monomial n0 in

e that has the lowest value of vD and vD(e) = vD(n0). Let us write d =

m0+m1+ · · · , where m1, · · · are the other monomials in d: all of these have

higher value of vD than m0. Similarly, let us write e = n0 +n1 + · · · . Then

m1m2 = m0n0+
∑

(i,j)6=(0,0)minj . Note that the various monomial products

msnt need not be in distinct cosets of Z×Z in 1
n(Z×Z), but that will not

concern us. Since we have already seen that vD(mimj) = vD(mi)+vD(mj),

we see that all the monomial products other than m0n0 have values of

vD higher than vD(m0n0). Thus we write, m1m2 = m0n0 + w, and it

follows from Part 2 of Definition 3.4, which we have already established,

that vD(w) > vD(m0n0). Now m1m2 is invertible (since we have observed

that m1m2 is a monomial and that every monomial is invertible), so it

follows from what we have noted above that vD(m1m2 + w) = vD(m1m2).
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Thus, vD(de) = vD(m1m2) = vD(m1) + vD(m2) = vD(d) + vD(e). This

establishes Part 3.

Note that Parts 1 and 3 show that (x, y)n has no zero divisors, since

if d 6= 0 and e 6= 0, then vD(d) 6= ∞ and vD(e) 6= ∞, so vD(de) =

vD(d) + vD(e) 6=∞. The arguments in Section 1 which show that md,F is

irreducible and from this that d is invertible in F [d] only relied on the finite-

dimensionality of D and the fact that it has no zero divisors. Applying this

to (x, y)n, we find that every nonzero element d of (x, y)n is invertible, with

inverse in F [d], showing that (x, y)n is a division algebra.

By Proposition 3.5, vD is the unique valuation on (x, y)n that extends

the valuation v on F .

Notice that the algebras (x, y)n form a very nice generalization of H.

These algebras are clearly of index n, and thus furnish examples of division

algebras of arbitrary index.
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THE LIT-ONLY σ-GAME:
SOME MATHEMATICS BEHIND

A PUZZLE FOR KIDS
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Abstract. The lit-only σ-game is a nondeterministic linear dynamical

process whose local transition rule is specified by a digraph. The player

of the game can choose among several possible transitions at each step

and aim to achieve certain global phase transition. This essay tries

to popularize this game to kids for their fun. We also give readers

a taste for some possible mathematics behind the game. The paper

basically contains no proofs and many ideas are not presented in their

full details. We invite the readers to venture out into the world of the

lit-only σ-game and other discrete-time graph processes.

1. Appetizer
Jaap Scherphuis maintains a webpage 1 on various puzzles. We note

that a subpage there is entitled “The Mathematics of Lights Out” 2. Then,

what is this lights out game and can this puzzle really lead to any interesting

mathematics?

Different players may choose different names for the same puzzle and

sometimes they may adopt game rules which are not exactly the same. The

lights out game and its lit-only version will be introduced as the σ-game

and the lit-only σ-game in the following. Here is a rough description of the

σ-game as adapted from what is told by Andries E. Brouwer 3:

We are given a finite graph, with a light at each vertex that

can be on or off. Pressing the button at a vertex switches

the state of the lights at its neighbours. The question is

2010 Mathematics Subject Classification:

Key words and phrases: Binary field, line graph, lit-only group, nuclei, phase space,

quadratic form, reachability, transvection.
1http://www.jaapsch.net/puzzles/lights.htm
2http://www.jaapsch.net/puzzles/lomath.htm
3http://www.win.tue.nl/~aeb/ca/madness/madrect.html

c© Indian Mathematical Society, 2019 .

67

http://www.jaapsch.net/puzzles/lights.htm
http://www.jaapsch.net/puzzles/lomath.htm
http://www.win.tue.nl/~aeb/ca/madness/madrect.html 


68 YAOKUN WU AND ZIQING XIANG

a b c d

e

Figure 1.1. The Nandi (bull) graph.

a b c d

e

e−→

a b c d

e

b→σ

a b c d

e

c−→

a b c d

e

Figure 1.2. Playing the σ-game on the Nandi graph.

whether all lights can be switched off given an arbitrary

starting position.

In Fig. 1.1, we display the Nandi (bull) graph where every vertex is attached

a loop: You may think of a and d as the horns, b and c as the eyes, and

e as the nose. In Fig. 1.2 we are displaying the process of moving from

the all-lights-on configuration to the all-lights-off configuration by pressing

vertices e, b and c in that order when playing the σ-game on the Nandi

graph. Note that here we use a disk to indicate a vertex in the on state

and a circle to refer to a vertex in the off state.

The lit-only σ-game on a graph is the variant of the σ-game in which

one is not allowed to toggle any vertex when it is off. Among the three

moves in Fig. 1.2, which are valid pushings in the σ-game, only the middle

one is not allowed in the lit-only σ-game. You can tell from Fig. 1.2 that we

use −→ for a move in the lit-only σ-game (and also in the σ-game) and we

write→σ for a pushing in the σ-game (which may be invalid in the lit-only

σ-game). Can we go from the all-lights-on configuration to the all-lights-off

configuration when playing the lit-only σ-game on the Nandi graph? To

turn off all-lights, we have to press a vertex an odd number of times if it is

the nose or an eye and we have to press a vertex an even number of times if

it is a horn. But, after pressing any eye or the nose, the eyes and the nose

will be all off and so it seems that we do not have any way to press every

one of them an odd number of times. Does it imply the impossibility of
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a b c d

e

b−→

a b c d

e

d−→

a b c d

e

c−→

a b c d

e

e−→

a b c d

e

d−→

a b c d

e

Figure 1.3. Playing the lit-only σ-game on the Nandi graph.

moving from the all-lights-on to the all-lights-off in the lit-only σ-game on

the Nandi graph? Surely, you will not be misled by this plausible argument

and, if you have a try for a little while, you will find a required path from

the all-lights-on to the all-lights-off, say the one shown in Fig. 1.3.
2. Tiffin

Playing on the Nandi graph may only be interesting as a kindergarten

game. To entertain elementary school students, let us share with you some

more secrets about the σ-game and its lit-only relative. Before doing that,

we change gears and build on a definition of our game in a more mathe-

matical way.

A digraph D consists of its nonempty vertex set VD and its arc set

AD ⊆ VD ×VD. We say that D is empty when the arc set AD is the

empty set. An element (u, v) ∈ VD ×VD will sometimes be conveniently

recorded as uv. We reserve the notation LD for the set of loops in D,

namely LD :={v ∈ VD : vv ∈ AD}. For each v ∈ VD, we write N+
D(v)

for {w : vw ∈ AD} and call it the set of out-neighbours of v in D. A

digraph D is symmetric provided, for all u, v ∈ VD, either both uv and

vu are arcs in D or none of them is an arc in D. A digraph is called

a graph if it is symmetric and called asymmetric otherwise. A graph D

can be thought of as a pair consisting of its vertex set VD and edge set

ED ⊆
(

VD
1

)
∪
(

VD
2

)
where {u, v} ∈ ED if and only if uv ∈ AD. For a

graph D, we often simplify the notation N+
D(v) as ND(v) and call it the

set of neighbours of v in D. A digraph is strongly connected if, for any

two vertices of it, say u and v, there exist a nonnegative integer k and a
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sequence of vertices u = u0, u1, . . . , uk = v such that ui−1ui is an arc of

the digraph for every positive integer i not greater than k. For a graph, we

often simply say that it is connected to mean that it is strongly connected.

The set of all digraphs D on a vertex set V can be identified with the set

of single variable functions β from V to G := 2V [53]: Given D, we put

β(v) := N+
D(v) ∈ G for all v ∈ V ; Given β, we construct the digraph D by

setting AD :={vw : w ∈ β(v)}. Indeed, both the map β and the digraph

D can be further represented as the V × V (0, 1)-matrix whose v, w-entry

is 1 if and only if w ∈ β(v), hence also standing for a linear map from

the binary linear space 2V to itself. We often freely switch among these

few equivalent objects and this viewpoint explains how the binary linear

algebra could come into play.

In his Presidential Address (General) to the Indian Mathematical Soci-

ety Annual Conference held at University of Pune, December 2007, Ravin-

dra Bapat [4] made the following claim:

We are made to believe that physics, chemistry or biology

are easier to explain to the general audience. · · · Their

abstract concepts are presented in a way as if they are actual

realities. Atoms, quarks, dark energy, strings, black holes,

are all concepts but people believe in them. In comparison

mathematicians are awfully shy of presenting anything for

which they do not have a refereed proof. We need to be

bold.
The concept of a group first appeared in the modern sense in the mind

of Évariste Galois. Encouraged by the above quotation from Bapat, let

us be brave enough to talk about the idea of a group without giving any

definition of it here. If necessary, the reader could go to [2, 42] to check

relevant definitions and see how groups measure the amount of symmetry.

Taking a group G, a set S and a map β ∈ GS , the Cayley digraph

Γ(G, β) has vertex set G and arc set {(g, gβ(s)) : s ∈ S, g ∈ G}. The struc-

ture of many families of Cayley digraphs and some related mathematical

objects have been widely investigated in various guises in several math-

ematical fields [1, 29, 36, 38]. Assume that we are travelling in a world

modelled by the Cayley digraph Γ(G, β). Each element s ∈ S is a vehicle

which can take us from where we are, say g ∈ G, to gβ(s) ∈ G. The geom-

etry of Γ(G, β) is what we should concern with when we know that every

vehicle s ∈ S is available everywhere. But what if each vehicle s ∈ S is
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available only at a specific set of stations? To be more precise, we now have

a map α from S to 2G, which specifies the “lit-only restriction”, and the

real world which we live in becomes the lit-only Cayley digraph Γ(G, β, α)

that has vertex set G and arc set {(g, gβ(s)) : s ∈ S, g ∈ α(s)}. If α(s) = G

for all s ∈ S, surely Γ(G, β, α) is just Γ(G, β).

Fix a set V . The power set of V , namely 2V , forms a vector space over

F2 where the sum x + y of two elements x and y of 2V is given by the

symmetric difference x4y of them. The empty set ∅ is the zero element

in 2V , and it is usually denoted by 0 to emphasize that it is an element

of the vector space 2V . Take any map β from V to 2V and let α be the

map from V to 2V such that α(v) :={x ∈ 2V : v ∈ x}. Recall that the map

β corresponds to a digraph D with vertex set V . Playing the σ-game on

the digraph D is just to start from any vertex of Γ(2V , β), that is, a subset

of V , and to find a “good” path in Γ(2V , β) which ends at some “good”

vertex. Here, a good path may refer to a path of minimum length and a

good vertex may refer to a subset of V of minimum possible size. Similarly,

playing the lit-only σ-game on the digraph D is just to start from any

vertex of Γ(2V , β, α) and to find a “good” path in Γ(2V , β, α) which ends

at some “good” vertex. We often write PSD and PSσD for Γ(2V , β, α) and

Γ(2V , β), respectively, and call them the phase space of the lit-only σ-game

and the phase space of the σ-game on the digraph D, respectively. In the

combinatorial games community, people use the concept of “game graph”

[22] with the same meaning of our “phase space” here. We point the readers

to [26, Appendix A] for the drawings of some concrete phase spaces of the

lit-only σ-game. For x, y ∈ 2V , we write x →σD y to mean that there is a

path from x to y in PSσD and we use x −→D y to indicate that there is a

path in PSD leading from x to y. Note that x→σD y follows from x −→D y.

The process shown in Fig. 1.2 can be recorded as {a, b, c, d, e} e−→ {a, d}
b→σ {b, c, d, e} c−→ 0. We may even write directly {a, b, c, d, e} ebc→σ 0 or

{a, b, c, d, e} →σ 0. Similarly, the process shown in Fig. 1.3 can be

represented as {a, b, c, d, e} bdced−−−→ 0 or {a, b, c, d, e} −→ 0.

Among many research problems on the lit-only σ-game, let us mention

a natural one here to which every lit-only σ-game player must want to know

the answer.
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Problem 2.1 (The lit-only σ-game reachability problem). Let D be a

digraph and we have as input two subsets x and y of VD. Can we decide

efficiently whether or not x −→D y?

Since the size of the phase space PSD is exponential in |VD |, it may

even be unclear if the above general decision problem is in NP. Let us invite

the reader to tackle some special easy cases: What about x = 0 and y 6= 0?

Or, x 6= LD and y = LD?

Let D be a graph. A classic result, called Sutner’s Theorem and proved

repeatedly in the literature before and after Sutner [3, 44, 45], asserts that

LD →σD 0 . (2.1)

Goldwasser and Klostermeyer [24] wondered whether or not it indeed holds

LD −→D 0 (2.2)

on the condition that LD = VD. After knowing this problem from a talk of

John Goldwasser at Shanghai Jiao Tong University (SJTU) in the spring

of 2008, Mr. Mu Li, an undergraduate student of SJTU then, was able

to work out a short proof for a positive answer in a few days. However,

after some search in the internet, Mu Li found the Lights Out webpage of

Scherphuis and noticed that the same result had been announced together

with a proof earlier there. Note that Scherphuis asserted on his webpage

that several of his attempts at a proof had holes and it is remarkably hard

to really get a proof. Inspired by the discovery of Li, Goldwasser and his

two new friends in China, Xinmao Wang and Yaokun Wu, then turned to

the project of understanding how much difference the lit-only restriction

will make for playing the σ-game. An outcome of Goldwasser’s journey

to China in 2008 spring is the paper [27] in which you find the following

generalization of the result of Scherphuis: Assuming that D is a connected

graph with VD = LD and that x, y ∈ 2VD are two configurations satisfying

x 6= 0 and y 6= VD, then x →σD y if and only if x −→D y. Finally, let

us mention that Eq. (2.2) indeed holds for all graphs D and a proof of it

comes from a simple application of the Gaussian elimination [52]. This fact

just explains what you saw from Figs. 1.2 and 1.3. We hope that Sutner’s

Theorem (Eq. (2.1)) and its lit-only version (Eq. (2.2)) will enable you

challenge and surprise elementary school students by leaving them many

different digraphs, which should have a nonempty set of loops, of course.

This note will focus more on the lit-only version of the σ-game and so

let us prepare one more tiffin (light meal) about it. A tree is a connected
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µ

ν

Figure 2.1. The ADE graphs.
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f

c−→
a b c d e

f

d−→
a b c d e

f

e−→
a b c d e

f

{b, d} −→ {e}.

Figure 2.2. Playing the lit-only σ-game on E6.

graph without cycles. Let En be the n-vertex tree as shown in Fig. 2.1. Let

Dn−1 := En−µ and let An−2 :=Dn−1−ν. Note that An, Dn, E6, E7, E8 are

known as simply-laced Dynkin diagrams. In Fig. 2.2, we show an example

of decreasing the size of a set from two to one in the lit-only σ-game on E6.

What is behind Fig. 2.2 is the Borel-De Siebenthal Theorem [8], which says

that, whichever you start in the lit-only σ-game on a simply-laced Dynkin

diagram, you always have a strategy to reach a configuration of size at most

one. Going one step further, Hsin [31, Corollary 3.2] finds that a connected

graph is strictly Borel-De Siebenthal if and only if it is one of the ADE

graphs defined above, where a graph is called strictly Borel-De Siebenthal

if, for the lit-only σ-game on any of its connected subgraphs, every given

configuration can evolve into a one of size at most one.

A brief history of the σ-game is reported in [44]. There are vast re-

searches on the σ-game, say [5, 19, 25, 54, 55], from which you can find out

many interesting stuff for children. Due to the invention of Vogan diagram
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[37] in the study of Lie algebra, some Lie theorists have been good play-

ers of the lit-only σ-game [6, 11, 12, 18, 23, 32, 33, 41, 43]. The lit-only

σ-game and its close variants also appear in other interesting contexts; see

[9, 16, 17, 20, 21, 34, 35].

At this point, we recommend to stop reading this note, click on the

links given above or in our references and continue there or simply turn to

the fundamental problem for playing the lit-only σ-game, Problem 2.1. It is

normal to view Problem 2.1 as an algorithmic problem; but an algorithm is

nothing but an evolution rule of a dynamics or a design of a Markov chain.

So, if your parents want you prepare for your university life, say to read

calculus for the study of various dynamical systems, you can still have fun

with Problem 2.1 by claiming that you are working hard on a calculus-free

dynamical system. In case you insist and agree with Bertrand Russell that

ordinary language is totally unsuited for expressing what physics really

asserts, please be ready to follow a sequel of (strange!) definitions below,

which we arrive at after playing the lit-only σ-game for some while, and

then, hopefully, share our excitement and curiosity on what those concepts

will bring forth. Note that after providing more ideas on our tour in the

land of the lit-only σ-game, in § 6 we will be able to sketch our partial

solution to the algorithmic problem mentioned above.
3. A strange goose

We increase our stock of observations on the lit-only σ-game in this

section, demonstrating that it is really a strange goose. We are mainly

interested in the phase spaces of the game and the possible difference caused

by the lit-only restriction.

3.1. Minimum light number. The puzzles which you can bring back

home for kids from § 2 are all about how many lights can be switched

off, namely the minimum light number. Instead of developing tricks on

solving those puzzles faster, let us show something about the influence of

the lit-only restriction from a mathematical perspective.

Take a digraph D. For any x ∈ 2VD , define

MLD(x) := min{|y| : x −→D y} and MLσD(x) := min{|y| : x→σD y}.
Let

ML(D) := maxx∈2VD MLD(x) and MLσ(D) := maxx∈2VD MLσD(x).

For any graph G and v ∈ VG, let degG(v) := |{e ∈ EG : v ∈ e}|. A leaf of a

tree G is a vertex v with degG(v) = 1.

On August 17, 2005, Gerard Jennhwa Chang gave a plenary talk on



THE LIT-ONLY σ-GAME: ..... A PUZZLE FOR KIDS 75

Lie algebra in the Third Pacific Rim Conference on Mathematics held in

Fudan University, Shanghai. Yaokun Wu tried to run across Shanghai to

sit in this talk but was only able to catch the last one third of it. In the

summer of 2006, Wu attended a three-week summer school on topology in

Guizhou University and he met his former classmate Xinmao Wang there.

They decided to do something together for fun in their spare time during

the summer school. What they obtained in that cool summer in Guiyang

is the following, which was inspired by a corresponding conjecture posed in

the talk of Chang.

Theorem 3.1 ([47, 48]). Let T be a tree with ` > 1 leaves. Then ML(T ) ≤
d `2e and MLσ(T ) ≤ b `2c.

Conjecture 3.2 ([26, Conjecture 14] [49, Conjecture 4, Conjecture 7]). It

holds ML(G)−MLσ(G) ≤ |VG |2 for any graph G. If G is a tree with zero or

more loops attached, then ML(G) −MLσ(G) ≤ 1. If G is obtained from a

unicyclic graph by adding zero or more loops, then ML(G)−MLσ(G) ≤ 2.

Conjecture 3.3 ([26, Conjecture 5] [49, Conjecture 15]). Let G be a

connected graph on n vertices. Then maxx∈2VG (MLG(x) − MLσG(x)) ≤
maxv∈VG degG(v) − 1. Moreover, if maxx∈2VG (MLG(x) − MLσG(x))> n

2 ,

then G is a complete m-partite graph for some positive integer m ≡ 3

(mod 4).

3.2. Reachability of the phase spaces. Let D be a digraph and let S be

the set of its strongly connected components. Let R be the set of ordered

pairs (S1, S2) where S1 and S2 are different elements of S and there exists

in D a path leading from a vertex in S1 to a vertex in S2. It is clear that

R is a transitive acyclic relation on S, namely (S,R) is a poset, and this

relation gives exactly the reachability relations in D. The condensation

of the digraph D, denoted by CD(D), is the Hasse diagram of the poset

(S,R).

The condensation operation helps us obtain a more readable picture of

the phase spaces when we are only concerned with the reachability issue.

Note that CD(PSσD) consists of isolated vertices as PSσD is symmetric.

Moreover, for vertices x, y ∈ 2VD , x −→D y if and only if there exists a

directed path from strongly connected component containing x to strongly

connected component containing y in CD(PSD). Therefore, given x, y

∈ 2VD , to test x −→D y (x→σD y) we can work in two steps, to determine
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CD(PSD) (CD(PSσD)) and then to determine in which strongly compo-

nents of PSD (components of PSσD) are x and y.

For any digraph D, {x ∈ 2VD : 0 →σD x} is a vector subspace of

2VD , which we call the neighbour space of D and denote by ND. We will

always use rankD to designate the dimension of ND and use corankD for

|VD | − rankD, and call them the rank and corank of D, respectively. Note

that the rank of a symmetric loopless digraph is always an even integer. We

call a cosetM ofND in 2VD which is notND itself a shifted neighbour space

of D. The concept of a neighbour space seems to be of little appearance in

algebraic graph theory; in contrast, cut space and cycle space of a graph

are much more popular there. However, in coding theory, neighbour spaces

are well studied in the context of linear codes [14], or just binary codes

if the coefficients are from the binary field as here. In the study of error-

correcting code, MLσ(D) is known as the covering radius of the binary code

ND [30]. The neighbour space ND is of interest to the σ-game players as

its cosetsM are exactly the set of all strongly connected components of the

symmetric digraph PSσD, that is, the reachability relation →σD coincides

with
⋃
M(M×M) whereM runs through all cosets ofND. In other words,

CD(PSσD) is the empty digraph with 2corankD vertices, each of which is a

coset of ND.

It is clear that PSD is a subgraph of PSσD and so x −→D y could happen

only when x and y come from the same coset of ND. So, CD(PSD) is the

disjoint union of CD(PSD[M]) whereM runs over all cosets of ND. If you

have solved the easy questions mentioned after Problem 2.1, you will know

that 0 and LD are really interesting configurations for the lit-only σ-game.

Indeed, 0 is a sink in PSD and LD is a source in PSD, and hence both

{0} and {LD}, which are not necessarily distinct, form strongly connected

components in PSD. Recall from Eq. (2.1) that {0,LD} ⊆ ND. Surprising

as it may first seem, essentially, this gives almost all the difference between

the two reachability relationships →σD and −→D. We clarify a bit what

does it mean in the rest of this section.

To really see all possible differences caused by the lit-only restriction,

we invited the computer to play the game. We say that a digraph is loop-

linked provided every vertex can reach and be reached by a loop vertex in

it. Our first try resulted in the discovery of [26, Conjecture 6], which says

that, when D is a loop-linked strongly connected symmetric digraph, the
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differences between→σD and −→D can behave in two ways. When the first-

named author introduced the lit-only σ-game in a course for freshmen in the

winter of 2010, the second-named author was among those freshmen and

thus the game was played a lot by him and his laptop then. Going beyond

[26, Conjecture 6], our computer experiment suggests a classification of

all strongly connected digraphs D into altogether fourteen classes, eight

of them being graphs and six of them being asymmetric digraphs, such

that for digraphs D from the same class the difference between →σD and

−→D can be said to be the same. For all possible fourteen cases at most

one shifted neighbour space of D is not strongly connected – we will call

that possible only shifted neighbour space the exceptional shifted neighbour

space. Moreover, CD(PSD(M)) is either an empty digraph or a directed

path for exceptional shifted neighbour space M.

A deep learning from the data generated by our computer experiment

finally yields a proof of our guess for all connected graphs as well as a recog-

nition of those eight classes of connected graphs. This means that we could

have a paper-and-pencil proof for what we see for the lit-only σ-game on

connected graphs and we can have a definition/characterization for those

eight graph classes independent of the dynamical behaviors of the lit-only σ-

game on them. These eight graph classes include two classes of loop-linked

graphs and six classes of loopless graphs. Due to our structural characteri-

zation of the eight graph classes, the two loop-linked graph classes have been

named loop-linked line graphs and loop-linked cuspidal graphs while the six

loopless graph classes have been named opal line graphs, polished emerald

line graphs, unpolished emerald line graphs, polished cuspidal graphs of

type I, polished cuspidal graphs of type II, and unpolished cuspidal graphs

[52]. We leave the afore-mentioned structural definition of these eight graph

classes to Definitions 4.1 and 4.7. In Table 3.1, we depict CD(PSD) for any

connected graph D according to which of the eight classes it belongs to.

Indeed, the line labelled by “neighbour space” shows the digraph CD(ND);

if there exists an exceptional shifted neighbour spaceM we will add a line

labelled by “exception” to show the condensation digraph CD(M) of that

exceptional shifted neighbour space. Note that the number in each ellipse

refers to the size of the corresponding strongly connected component rep-

resented by that ellipse. Also note that the two singleton sets {0} and

{LD} always appear as vertices of CD(ND) and we simply use bullets to
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represent them. In Table 3.1, we do not bother to draw anything about a

shifted neighbour space that is not exceptional as we know that it must be

a strongly connected component of both PSD and PSσD of size 2rankND .

With this convention, we can list a main result from [52].

Theorem 3.4 ([52]). The set of all connected graphs D can be classified

into eight types according to CD(PSD) as shown in Table 3.1.

By Theorem 3.4, for any connected loop-linked graph D, x −→D 0 is

equivalent to x→σD 0. According to Eq. (2.1), this fact can be said to be

a generalization of Eq. (2.2). Although Eq. (2.2) possesses a short proof,

we are still unaware of any simple proof of this more general result.

What we saw from computer experiment convinces us that strongly

connected asymmetric digraphs can be classified into six classes, five of

them being loop-linked and one of them loopless. This is summarized

briefly below, where Table 3.2 should be read with the convention of reading

Table 3.1.

Conjecture 3.5 ([52]). Strongly connected asymmetric digraphs D can be

classified into six classes as shown in Table 3.2 according to CD(PSD).

We fail to verify Conjecture 3.5 so far. But, according to Avul Pakir

Jainulabdeen Abdul Kalam, an aerospace scientist and the 11th President

of India, F.A.I.L. only means “First Attempt In Learning”. Our first at-

tempt does demonstrate some small theoretical evidence for the truth of

Conjecture 3.5. Let D be a strongly connected digraph. For every vertex

v ∈ VD, let φv denote the set of vertices w of D for which there is a path

in D from v to w such that v /∈ N+
D(u) for all vertices u in the path. Under

the assumption that D contains a pair of its vertices v and w such that

φv ∪ φw = VD, we can verify Conjecture 3.5. Indeed, the phase space of

such a digraph could only take the form as described in cases 6 and 8 in

Table 3.1 or cases 9, 13 and 14 in Table 3.2 [52]. For a possible confirma-

tion of Conjecture 3.5, it may be important to find, for each of the possible

five classes of loop-linked asymmetric digraphs as indicated in Table 3.2,

a structural characterization stated irrelevant with any specific dynamical

process on the digraphs.
4. Some mathematical eggs

Let us exhibit some mathematical eggs laid by our strange goose and

collected in [52]. We acknowledge that the story went deeper than we had

imagined and so we do feel like the man in Fig. 4.1: are we getting paid for
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Figure 4.1. The goose that laid the golden eggs.

By Milo Winter (1888–1956).
https://www.ancient.eu/image/10121/the-goose-that-laid-the-golden-egg/

eating ice-cream? Here is a grook and a superegg from Piet Hein 4, which

do suggest us taking fun in earnest:

The Eternal Twins

Taking fun as

simply fun and

earnestness in

earnest shows

how thoroughly

thou none of the

two discernest.
A superegg lamp.

https://www.piethein.com/product/superegg-300-1901/

4.1. Line graphs and cuspidal graphs. During his visit to Shanghai in

2008 spring, John Goldwasser suggested to analyze the shape of the phase

space of the lit-only σ-game on (symmetric) paths. Following this sugges-

tion, Mu Li discovered nice inductive patterns from computer experiments

on paths and then he was working with Yaokun Wu towards a paper on

the very explicit description of PSD for all paths D. The manuscript was

not polished to a stage to be submitted anywhere, unfortunately. But, the

pleasant applications of inductive arguments/descriptions in this project

did direct Wu to think about the underlying geometry which controls the

dynamics and then he found a connection between the lit-only σ-game and

4He often plays with blocks and sticks. See: https://www.piethein.com/category/

games-36/.

https://www.ancient.eu/image/10121/the-goose-that-laid-the-golden-egg/
https://www.piethein.com/product/superegg-300-1901/
https://www.piethein.com/category/games-36/
https://www.piethein.com/category/games-36/
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the concept of “line graphs” in [51]. We point out that the line graph

concept used in [51] is the classical one as introduced by Hassler Whitney

[50] and does not coincide with our usage of line graphs in Table 3.1. In-

deed, those “line graphs” as defined by Whitney correspond to our loopless

ordinary line graphs in view of Definition 4.1 to be presented below.

The phase space structure as shown on the right of the last two lines of

Table 3.1 has been predicted in [26, Conjecture 6]. The first significant step

for us to prove that conjecture is to have a correct guess of the geometric

structure which causes those two different dynamical behaviours. By trial-

and-error, we divide the class of all graphs into the class of line graphs and

the class of cuspidal graphs. To show you what these two graph classes are,

it suffices to define line graphs.

A multigraph G consists of a nonempty vertex set VG, an edge set

EG, and a map ∂G from EG to
(

VG
1

)
∪
(

VG
2

)
, called the boundary map

of G. If EG = ∅, G is said to be an empty (multi)graph. When the

boundary map is injective, we can identify an edge with its boundary,

namely its image under the boundary map, and thus the multigraph in

consideration becomes a graph (symmetric digraph). You may think of a

multigraph as a symmetric nonnegative integer matrix while a graph as a

symmetric (0, 1)-matrix. There are two natural maps N→ {0, 1}: Viewing

{0, 1} as the Boolean semifield B, we send 0 to 0 and all positive integers

to 1; Viewing {0, 1} as the binary field F2, we send every nonnegative

integer n to n mod 2. Accordingly, as multigraphs are just nonnegative

integer symmetric matrices, we have two natural maps from multigraphs

to graphs. For example, the multigraph in Fig. 4.2(a) gives rise to two

graphs in Fig. 4.2, 4.2(b) and 4.2(c), depending on which viewpoint we

will adopt. In the literature, most definitions on line graphs and various

variants use the Boolean semifield approach. We will go the other way here.

(a) A multigraph G.

(b) G over B. (c) G over F2.

Figure 4.2. Two ways to view a multigraph as a graph.
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a

b

c d

e

(a) G

a b

c d

e

(b) L(G)

Figure 4.3. A multigraph and its line graph.

Definition 4.1. Given a nonempty multigraph G, its line graph, denoted

by L(G), is the graph with vertex set VL(G) := EG and edge set

EL(G) :={{e, f} : | ∂G(e) ∩ ∂G(f)| ≡ 1 (mod 2), e, f ∈ EG}. (4.1)

If G has no isolated vertices, we will call G a root multigraph of L(G). A

line graph is ordinary if it is the line graph of a graph.

Theorem 4.2 ([7]). A loopless graph is an ordinary line graph if and only if

it does not contain any of the nine graphs from Fig. 4.4 as a vertex-induced

subgraph.

Figure 4.4. Nine forbidden vertex-induced subgraphs for loop-

less ordinary line graphs.

For an ordinary loopless line graph L(G) and any v ∈ VL(G), if we

add several new vertices to L(G) and make them adjacent with every ver-

tex from NL(G)(v), we will obtain a new loopless line graph with a root

multigraph that can be obtained from G by adding several edges parallel

to v. Note that, root multigraphs may not be unique. In Fig. 4.5, we show

three forbidden vertex-induced subgraphs for loopless line graphs in Fig. 4.4

are actually line graphs. Moreover, for each of them a root multigraph is

presented. In Fig. 4.5, one can also see how those parallel edges in the

root multigraphs correspond to the independent set in the line graph which

share the same neighbours.

Given a loopless graph G, to construct its line graph L(G), which is

ordinary by definition, Eq. (4.1) can be rewritten as

EL(G) :={{e, f} : | ∂G(e) ∩ ∂G(f)|> 0, {e, f} ∈
(

EG
2

)
}. (4.2)
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Figure 4.5. Three line graphs from the list of Beineke (Theo-

rem 4.2) and their root multigraphs.

Comparing Eqs. (4.1) and (4.2), what we introduced in [52] as line graphs

can be said to be a “mod two” version of the usual line graphs. Our expo-

sure to the lit-only σ-game enables us [52] take the “mod two” definition

and that has made all the difference.

A graph is called nonsingular if its associated matrix is nonsingular

over the binary field. In all, there are 43 connected nonsingular 6-vertex

graphs. They comprise of the 32 forbidden graphs from Fig. 4.6 and the 11

line graphs of 7-vertex trees from Fig. 4.7.

Figure 4.6. The 32 forbidden subgraphs for loopless line graphs.

Theorem 4.3 ([52]). For a loopless graph G, the following statements are

equivalent.

• The graph G is a line graph.

• The graph G does not contain any graph from the thirty-two graphs

depicted in Fig. 4.6 as an induced subgraph.
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• Every connected 6-vertex vertex-induced subgraph of G is a line

graph.

• Every connected nonsingular 6-vertex vertex-induced subgraph of G

is one of the eleven line graphs of 7-vertex trees as shown in Fig. 4.7.

Figure 4.7. Eleven 6-vertex line graphs of trees.

Let G be a graph and v be a loop vertex of G. Let G� v be the graph

with vertex set VG \{v} and edge set EG4
(

NG(v)
1

)
4
(

NG(v)
2

)
. We say that

G� v is obtained from G by melting a loop v.

v

Figure 4.8. A graph G with a loop v, and G� v.

Theorem 4.4 ([52]). A loop-linked graph is cuspidal if and only if it can

be reduced to one of the two graphs in Fig. 4.9 by a sequence of deleting

vertex operation and melting loop operation through loop-linked graphs.

Figure 4.9. The two minimal (with respect to operators − and

�) loop-linked cuspidal graphs.

William Thurston made the following claim:

The product of mathematics is clarity and understanding.

Not theorems, by themselves.

Will Theorems 4.3 and 4.4 and other results about line graphs in [52] stimu-

late you to do some mathematics and yield a better understanding of some

nice new structure?
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4.2. Quardratic forms and bilinear forms. Let D be a digraph. For

each v ∈ VD, let v∗ be the linear functional on 2VD such that, for all

x ∈ 2VD ,

v∗(x) :≡

1, v ∈ x;

0, v /∈ x.

For every v ∈ VD, construct a map T D,v ∈ End(2VD):

x 7→

x4N+
D(v), v ∈ x,

x, v /∈ x.

Note that T D,v = Id2VD + N+
D(v)v∗ and hence a transvection. Clearly,

T D,v is invertible if and only if v /∈ LD. The lit-only monoid of D is the

multiplicative monoid generated by T D,v’s:
LOMD :=〈T D,v : v ∈ VD〉.

To study the lit-only σ-game on D is to understand the action of LOMD

on 2VD . If D is loopless, the lit-only monoid of D is indeed a subgroup

of SL(2VD) and we call it the lit-only group of D; in this case, we of-

ten write LOGD for LOMD accordingly. Since ND is an invariant subspace

under the action of LOGD, there is a natural restriction homomorphism

· |ND : LOGD → SL(ND).

Definition 4.5. Let D be a loopless digraph. Its topaz group, denoted by

TGD, is the image of the natural restriction homomorphism · |ND , namely

TGD :=〈g|ND : g ∈ LOGD〉,
which is a subgroup of SL(ND).

We remark that Topaz is the name of some gemstone. This name may

come from “tapas”, a Sanskrit (the ancient language of India) word which

means “fire”. Tapas is now more well-known as a wide variety of snacks in

Spanish cuisine, which is designed to encourage conversation.

It is noteworthy that the classification of the phase spaces of the lit-

only σ-game on loopless graphs, namely Table 3.1, is well accompanied by a

classification of the lit-only groups and Topaz groups. To give more details

of this, we need some facts about classical groups and so we should turn to

quadratic forms and bilinear forms now.

Let V be a vector space over the binary field F2 and let b : V ×V → F2

be a bilinear map. We call b a symmetric bilinear form on V if b(x, y) ≡
b(y, x) for all x, y ∈ V and we call b an alternating bilinear form on V if
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b(x, x) ≡ 0 for all x ∈ V. The bilinear form b is non-degenerate if x = 0 is the

only possible x ∈ V such that b(x, y) ≡ 0 for all y ∈ V, or equivalently, the

matrix for the bilinear map b with respect to any basis of V is nonsingular.

Since we are working on a field of characteristic 2, an alternating form must

be symmetric, but not vice versa. A symplectic form is a nondegenerate

alternating bilinear form.

For any map Q : V → F2, we define its polarisation to be the map

∇Q : V ×V → F2 such that ∇Q(x, y) :≡Q(x+y)−Q(x)−Q(y), for all x, y ∈
V . A quadratic form on V is a mapQ : V → F2 such that∇Q is bilinear, and

so an alternating form. We call a quadratic form Q non-degenerate or non-

defective if x = 0 is the only x ∈ V such that Q(x) = 0 and ∇Q(x, y) = 0

for all y ∈ V; equivalently, there is no F2-linear map p from V to one of its

proper subspaces such that Q = Q ◦ p [13, Theorem 7.3].

Two bilinear forms b and b′ on the binary linear spaces V and V ′ respec-

tively are isometric provided there is an F2-linear isomorphism ρ : V → V ′

such that b = b′◦(ρ, ρ). Two quadratic forms Q and Q′ on the binary linear

spaces V and V ′ respectively are isometric provided there is an F2-linear

isomorphism ρ : V → V ′ such that Q = Q′ ◦ ρ.

To illuminate the definitions above, let us pause for some simple exam-

ples. Let X be a set. All subsets of X of even size, denoted by
(
X

even

)
, is

a vector subspace of 2X . It is clear that | · |/2 is a quadratic form on the

vector space
(
X

even

)
and its polarisation is given by ∇| · |/2(x, y) ≡ |x ∩ y|

for all x, y ∈
(
X

even

)
. Note that the quotient space 2X/{0, X} is also a

binary linear space. We often write an element {A,B} ∈ 2X/{0, X} as

A|B and thus view 2X/{0, X} as the set of splits on X, the notation A|B
meaning that X is partitioned into two disjoint sets A and B. For each

S ∈ 2X/{0, X}, we define Sx and Sx to be the two sets such that x ∈ Sx,

x /∈ Sx and S = Sx|Sx. For any x ∈ X, define the quadratic form Qx on

2X/{0, X} by setting
Qx(S) :≡ |Sx|.

Note that the polarisation of Qx vanishes everywhere. We point out that

there is a natural nondegenerate pairing of
(
X

even

)
and 2X/{0, X} as vector

spaces [15]: (
X

even

)
× 2X/{0,VG} → F2,

(Z,A|B) 7→ |A ∩ Z|.
Consider a binary vector space V and a subgroup H of GL(V). We say that

H preserves a bilinear form b on V if b ◦ (g, g) = b for all g ∈ H and we say



88 YAOKUN WU AND ZIQING XIANG

that H preserves a quadratic form q on V if q ◦ g = q for all g ∈ H.

For a digraph D, its adjacency form AD is a bilinear form on 2VD given

by AD(x, y) :≡
∑

uv∈AD
u∗(x)v∗(y). If D is loopless and symmetric, then

AD is an alternating form.

Lemma 4.6 ([52]). Let D be a loopless strongly connected digraph. The

following statements hold.

(i) If D is asymmetric, then TGD does not preserve any symplectic

form on ND.

(ii) If D is symmetric, then TGD preserves a unique symplectic form

ωD on the vector space ND, where ωD is defined uniquely by

ωD ◦ (ND,ND) = AD .
Take a graph G. Regarding G as a one-dimensional abstract simplicial

complex, we can define its Euler characteristic (over F2), denoted by χ(G),

as |VG | − |EG | ∈ F2. The Euler form of G (over F2), denoted by χG, is

the quadratic form on 2VG given by

χG(x) :≡χ(G[x]) ≡
∑

v∈VG \LG

v∗(x)2 −
∑

uv∈EG \LG

u∗(x)v∗(x) (mod 2),

for all x ∈ 2VG , where G[x] is the subgraph of G induced by x ⊆ VG.

Definition 4.7. A graph G is polished provided there exists a (unique)

quadratic form qG on NG such that

qG ◦NG = χG. (4.3)

A graph is unpolished if it is not polished.

Lemma 4.8 ([52]). Let G be a loopless connected graph. The following

statements hold.

(i) If G is unpolished, then TGG does not preserve any non-zero qua-

dratic form on the vector space NG.

(ii) If G is polished, then TGG preserves a unique non-zero quadratic

form qG on vector space NG, where qG is defined uniquely by Eq. (4.3).

We use algebraic properties to define polished graphs. Is there any

geometric characterization of them? Here is a small step in this direction.

Theorem 4.9 ([52]). Let G be a loopless connected multigraph. Then,

L(G) is polished if and only if |VG | 6≡ 2 (mod 4).

To proceed, let us review some relevant basic facts about classical

groups [28, 46]. Let V be an F2-linear space. The orthogonal group on V
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with respect to a quadratic form q on V, denoted by O(V, q), is the subgroup

of SL(V) preserving q, namely, O(V, q) :={g ∈ SL(V) : q ◦ g = q}. The sym-

plectic group on V with respect to a symplectic form ω on V is the subgroup

of SL(V) preserving ω, namely, Sp(V, ω) :={g ∈ SL(V) : ω ◦ (g, g) = ω}. It

is clear that O(V, q) ≤ Sp(V,∇q).
Let us first consider the case that dimV = 2k + 1 is odd. In this

case, there is no symplectic form on V and there is a unique nondegenerate

quadratic form q2k+1 on V up to isometry. We write O2k+1 for O(V, q2k+1),

which is determined by k up to isomorphism and does not depend on the

choice of q2k+1.

We next turn to the case that dimV = 2k is even. In this case, a qua-

dratic form Q on V is non-degenerate if and only if the alternating form ∇Q
is non-degenerate, namely if and only if ∇Q is symplectic. Up to isometry,

there is a unique symplectic form on V, hence a unique symplectic group on

V up to isomorphism. Let Sp2k :=Sp(V, ω), where ω is a symplectic form

on V, and call it the symplectic group of dimension 2k. We remark that

O2k+1 = Sp2k [28, Theorem 14.2] and the order of the group is given in

[28, Theorem 3.12]. Up to isometry, there are exactly two non-degenerate

quadratic forms on V. If Q is one of them, i.e., if ∇Q is symplectic, the

Arf invariant of it, named after the Turkish mathematician Cahit Arf and

referred to be the “democratic invariant” by William Browder [10], is the

element of F2 that occurs most often among the values of Q. We can index

the two nondegenerate quadratic forms on V by q+
2k, which has Arf invari-

ant 0, and q−2k, which has Arf invariant 1 [28, Theorem 13.14]. They indeed

give rise to two nonisomorphic orthogonal groups [28, Theorem 14.48],

O+
2k :=O(V, q+

2k) and O−2k :=O(V, q−2k).
A formula for the sizes of the two groups is reported as [28, Theorem 14.48].

We call O+
2k and O−2k the dimension-2k orthogonal groups of plus type and

minus type respectively. Note that i 7→ (−1)i gives an isomorphism from

the additive group F2 to the multiplicative group {+1,−1} and this ex-

plains the correspondence between the Arf invariants and the types of the

orthogonal groups.

A line graph is opal if it has a root multigraph which has an odd number

of vertices, and a line graph is emerald if it has a root multigraph which

has an even number of vertices. Let P2 be the connected graph with two

vertices and one edge. Note that P2 is opal but not emerald. In general,

a line graph may be both opal and emerald. Actually, it can be shown
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that loopless connected opal emerald line graphs are exactly complete 3-

partite graphs and complete bipartite graphs except P2, and all loopless

connected opal emerald line graphs have rank 2. Thus, graph classes in

Theorem 4.10 are disjoint and form a partition of all strongly connected

loopless nonempty digraphs.

Theorem 4.10 ([52]). Let D be a strongly connected loopless nonempty

digraph. The topaz group TGD and lit-only group LOGD for symmetric dig-

raphs are determined by the type of D as follows.

Graph class TGD LOGD

Opal line graph SymrankD +1 TGD nN corankD
D

Emerald line graph of rank ≥ 4 SymrankD +2 TGD nN corankD −1
D

Polished cuspidal graph O+(ND) or O−(ND) TGD nN corankD
D

Unpolished cuspidal graph Sp(ND) TGD nN corankD −1
D

Asymmetric digraph SL(ND)

One day in the winter of 2012 and on the second floor of our old math-

ematics building at SJTU, Eiichi Bannai, one of our colleagues at SJTU

then who had been sitting in several of our talks on the lit-only σ-game on

different occasions, posed to us his key question: “Is there any group theory

in your work”? We do not know much group theory and we even do not

write down any definition of a group in § 2, although we do understand that

group and symmetry are often viewed as the core of mathematics. Hence-

forth, what we could do is to explain to him in some way our partial work

of determining the topaz group and lit-only group. Bannai firmly claimed

that it should be some easy job to get a complete solution of our “group

theory” question and suggested us to loop up some old work by McLaugh-

lin [39, 40]. This really calls up our courage to reach Theorem 4.10 in a

short time. We conjectured that the lit-only group for a loopless strongly

connected asymmetric digraph D is TGD nN corankD
D . Maybe, it can also

be verified or disproved easily?

4.3. Nuclei. A nucleus of a digraph M is a nonsingular vertex-induced

subgraph N of M fulfilling rankN = rankM . The set of all nuclei of M

is denoted by N(M). If M is a nonsingular digraph, N(M) consists of M

itself. For example, the nuclei of a complete bipartite graph coincide with

all its vertex-induced P2’s.

Theorem 4.11 ([52]). Let G be a connected graph and H be a nonempty

connected subgraph of G. The digraph L(H) is a connected nucleus of L(G)
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if and only if one of the following holds:

(i) LG 6= ∅, and H is the union of a spanning tree of G and a loop of

G;

(ii) LG = ∅ and |VG | is odd, and H is a spanning tree of G;

(iii) LG = ∅ and |VG | is even, and H is a spanning tree of G − v for

some v ∈ VG.

A graph class is connected-hereditary if it is closed under taking con-

nected vertex-induced subgraphs, is hereditary if it is closed under taking

vertex-induced subgraphs, and is additive if it is closed under taking disjoint

unions.

Theorem 4.12 ([52]). Let G and H be two connected-hereditary graph

classes. If every minimal graph in G \H is nonsingular, then every con-

nected graph in H \ G has a connected nucleus in G \H .

Corollary 4.13 ([52]). Let G be an additive and hereditary graph class.

Every (connected) graph in G has a (connected) nucleus in G .

Corollary 4.14 ([52]). For each of the following graph classes, every graph

in it has a connected nucleus in the same graph class.

• {Connected loopless line graphs}={Connected loopless line graphs}
\ ∅.
• {Connected loop-linked line graphs} = {Connected line graphs}\
{Loopless graphs}.
• {Connected loopless cuspidal graphs}={Connected loopless graphs}
\ {Line graphs}.
• {Connected loop-linked cuspidal graphs} = {Connected graphs} \
{Loopless graphs or line graphs}.

Corollary 4.15 ([52]). All loopless nonsingular graphs are polished. In

particular, nuclei of loopless graphs are polished.

In Fig. 4.10, we display some strongly connected digraphs which do not

have any strongly connected nuclei.

Problem 4.16. When does a strongly connected digraph have a strongly

connected nucleus?
5. Origin of eggs

As a player of the lit-only σ-game, you may be wondering how exactly

does our goose lay those strange eggs as displayed in § 4. To convince

you that the eggs are not stolen from elsewhere, let us indicate below our
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Figure 4.10. Some strongly connected digraphs which do not

have strongly connected nuclei.

approaches in getting Theorems 3.4 and 4.10. Firstly, here is our strategy

for loopless graphs.

Step 1 Understand the structures of line graphs and cuspidal graphs. § 4.1

presents some such work. Thoughout the whole process of our

project, we need to apply various results established here and this

step is really the foundation for everything.

Step 2 Analyze various forms attached to graphs, say symplectic form and

Euler form as discussed in § 4.2. The analysis of these forms pro-

duces some rough descriptions of topaz group, lit-only group, and

dynamical behavior of the lit-only σ-game.

Step 3 Classify the topaz group. The work in [40] suggests to us a list of

candidates for a more careful inspection.

Step 4 Classify the phase spaces of nonsingular loopless graphs. The phase

spaces for nonsingular graphs can be thought as the orbits of the

topaz groups acting on the phase spaces regarded as a set. Thus,

after determining all topaz groups, which are classical groups, we

can get a description of the phase spaces with the help of known

results about classical groups.

Step 5 Classify the phase spaces of all loopless graphs. In this step, we

reduce the problem to the problem for nonsingular graphs, thanks

to the concept of nuclei as introduced in § 4.3.

Step 6 Classify the lit-only group. In this step, we use the description

of the phase space to prove that the lit-only group is a semidirect

product of the topaz group and some abelian group.

Next, we need to deal with graphs with loops. Unfortunatenely, we do

not have the blessings of groups any more. We somehow try to replace

those group theoretic arguments for the previous case by some complicated
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combinatorial arguments and can thus study the structure of the phase

space directly.

During August 12–25, 2019, the International Conference and PhD-

Master Summer School on Groups and Graphs, Designs and Dynamics 5

was held in Yichang, China. The younger author of this essay gave a talk

there entitled “Root systems over F2,” which is basically to report the tour

above towards Theorems 3.4 and 4.10. We assume that you have seen

groups, graphs and dynamics from our story. Is design missing from the

talk? No, it is not lost but already seen from the title of the talk. We

mention that the connected components in the phase space of the lit-only

σ-game can be thought of as root systems over F2. To explain briefly the

connection between the usual root systems and our binary root system, let

us end this section with the following dictionary.

Root system over R Root system over F2

Cartan matrix Adjacency matrix

Simple roots Vertices

Dynkin digram Graph

Simple reflection Simple transvection

Weyl group Lit-only group

Euclidean space Phase space

Root system Connected component in the phase space

Table 5.1. A comparison between root systems over R and over F2.

6. A bite to go
We will be described as a bit of an odd duck if we tell you so many

stories about the lit-only σ-game but say nothing about the status of Prob-

lem 2.1. So, here is our brief answer to that problem: Yes, a polynomial

time algorithm does exist for symmetric digraphs.

According to Theorem 3.4, given a connected symmetric digraph D and

two subsets x, y ⊆ VD, we can determine whether or not x −→D y if we can

(i) find the graph class in Table 3.1 that contains D;

(ii) find the strongly connected components Cx and Cy in PSD con-

taining x and y, respectively.
The first step to determine the graph class of D is to recognize if D is

a line graph or not. When D is reduced, we give a linear time algorithm

to recognize line graphs and reconstruct their root graphs in [52]. When

5http://math.sjtu.edu.cn/conference/G2D2/

http://math.sjtu.edu.cn/conference/G2D2/
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Figure 6.1. A line graph and its edge clique partition.

D is not reduced, we first find the modular decomposition of D, which can

be constructed in linear time, and then we can read its reduced graph D̃

from its modular decomposition. The graph D is a line graph if and only if

its reduced graph D̃ is a line graph, and the root multigraphs of D can be

obtained from root graphs of D̃ easily. Once we can determine whether or

not D is a line graph, we can find the graph class in Table 3.1 that contains

D by using corresponding linear algebraic characterization in [52], which

can be done in polynomial time.

Finding the strongly connected components Cx and Cy requires explicit

description of all strongly connected components in PSD. We refer you to

[52] for more details.

To finish our short but full journey about the lit-only σ-game, let us try

a small bite of some piece of the claimed polynomial time algorithm: the

reconstruction of a root graph of the given graph G in Fig. 6.1. We first

pick a maximal clique {x, y, z} of G. For each vertex in the clique, say x,

we choose the subgraph induced by x and its neighbourhood {y, z, b, c} that

are not in {x, y, z}. Then, we get another clique {x, b, c}. We continue this

procedure for all encountered cliques and all of their vertices. At the end,

we get four cliques: {x, y, z}, {x, b, c}, {z, a, b}, {y, a, c}. The intersection

graph of these four cliques is the clique K4, whose line graph turns out to

be G. For general graphs, we can use the same idea to find good partitions

of the edges sets, if they exist. A root graph can be constructed in linear

time for any given such good partition.

As suggested by Friedrich Nietzsche, if you would go up high, then use

your own legs! Hopefully, the bit of mathematics we have discussed so

far will inspire some readers and even motivate some brave kids have an

after-dinner walk further into the graden of discrete-time graph processes.
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Abstract. In this paper, we shall study what we referred to as

Bernoulli numbers and polynomials of fractional index and prove some

of their properties. While these numbers and polynomials are similar

to the classical Bernoulli numbers and polynomials, they differ in many

aspects. Among the properties we shall study are the recurrence formu-

las satisfied by these numbers and polynomials. We shall also introduce

the higher order Bernoulli polynomials of fractional order and establish

some of their properties. Finally, we will show their connections with

Hermite polynomials.

1. Introduction

The classical Bernoulli numbers and polynomials are defined, respec-

tively, by the generating functions
x

ex − 1
=
∑∞

m=0
Bm(xm/m!) (1.1)

and
xexz

ex − 1
=
∑∞

m=0
Bm(z)(xm/m!), (1.2)

where |x| < 2π.

Howard [7] generalized both numbers and polynomials to:
x2/2!

ex−1−x
=
∑∞

m=0
Am(xm/m!) and

x2exz/2!

ex − 1
=
∑∞

m=0
Am(z)(xm/m!), (1.3)

respectively. In 2008 and 2010, A. Hassen and H. D. Nguyen in [5] and

[6] studied the generalization of Bernoulli numbers and polynomials (that

they referred to as hypergeometric Bernoulli numbers and polynomials):

* The authors would like to thank the International Science Program (ISP)
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Key words and phrases: Bernoulli numbers and polynomials, Bernoulli numbers and

polynomials of fractional index, higher order Bernoulli numbers and polynomials of frac-

tional index, Hermite polynomials.
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xN/N !

ex − TN−1(x)
=
∑∞

m=0
Bm,N (xm/m!) (1.4)

and
xNexz/N !

ex − TN−1(x)
=
∑∞

m=0
Bm,N (z)(xm/m!), (1.5)

where TN (x) is the Taylor polynomial of order N for the exponential func-

tion.

In this paper we shall investigate what we call Bernoulli numbers and

polynomials of fractional index defined as in (2.1) and (2.2) respectively.

The fractional Bernoulli numbers and polynomials are introduced by

Legesse and Hassen where they have made a study of the fractional hyper-

geometric zeta function, see [11]. However, here we have a slightly modified

definition from that of theirs.

In Section 2, we shall establish some properties of the Bernoulli numbers

and polynomials of fractional index and their recurrence formulas. Among

other things, we will show that these numbers and polynomials satisfy the

following recurrence relations for m ∈ N

(m+1)Ba,m+1+2m(m+1)Ba,m−1+2a
∑m

k=0

(
m+1

k

)
Ba,kBa,m−k+1=0, (1.6)

and

(m+1)Ba,m+1(z)− (m+1)zBa,m(z)+2m(m+ 1)Ba,m−1(z)

+ 2a
∑m

k=0

(
m+1

k

)
Ba,k(z)Ba,m−k+1=0. (1.7)

In Section 3, we will introduce the higher order Bernoulli numbers and

polynomials of fractional index and study some of their recurrence formulas

and properties. Finally, in the last section we shall express the Bernoulli

numbers and polynomials of fractional index using matrix determinant and

investigate their connections to Hermite polynomials.

2. Fractional Bernoulli Numbers and Polynomials

In this section, we introduce the Bernoulli numbers and polynomials of

fractional index and prove some of their properties.

Definition 2.1. Let a be a positive half odd integer. The Bernoulli num-

bers of fractional index are defined by the generating function

x2ae−x
2

aγ(a, x2)
=
∑∞

m=0
Ba,m(xm/m!), (2.1)

where γ(z, α) is the incomplete gamma function defined by γ(z, α) =∫ α
0 e
−ttz−1dt, for Re z > 0 and |arg α| < π.
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Using the fact that γ(z, α) =
∑∞

k=0
(−1)kαk+z

k!(k+z) , z 6= 0,−1,−2, · · · , we may

rewrite (2.1) to obtain

e−x
2

= aγ(a, x2)x−2a
∑∞

m=0
Ba,m(xm/m!)

=

(∑∞

k=0

a(−1)kx2k

k!(k + a)

)(∑∞

m=0
Ba,m(xm/m!)

)
=
∑∞

m=0

∑[m/2]

k=0

a(−1)kBa,m−2k
(k + a)k!(m− 2k)!

xm,

Consequently,∑∞

m=0
(−1)m(x2m/m!) =

∑∞

m=0

∑[m/2]

k=0

a(−1)kBa,m−2k
k!(k + a)(m− 2k)!

xm.

Thus, we have the following recurrence formula for the Bernoulli numbers

of fractional index:∑[m/2]

k=0

a(−1)kBa,m−2k
k!(k + a)(m− 2k)!

=

{
(−1)

m
2 /(m/2)!, if m is even;

0, if m is odd.

Analogues to the classical Bernoulli numbers, the Bernoulli numbers

of fractional index with odd subscripts are zero. The first few nonzero

Bernoulli numbers of fractional index are

Ba,0 = 1, Ba,2 = −( 2/(1 + a) ), Ba,4 = 24/
(
(1 + a)2(2 + a)

)
,

Ba,6 =
120(−1 + a)

(1 + a)3(2 + a)(3 + a)
, Ba,8 =

40320(2− 6a− a2 + a3)

(1 + a)4(2 + a)2(3 + a)(4 + a)
,

Ba,10 =
3628800(−2 + 16a− 11a2 − 4a3 + a4)

(1 + a)5(2 + a)2(3 + a)(4 + a)(5 + a)
.

Definition 2.2. The Bernoulli polynomials of fractional index, denoted by

Ba,m(z), are defined by the generating function

α(z, x) =
x2aexz−x

2

aγ(a, x2)
=
∑∞

m=0
Ba,m(z)(xm/m!). (2.2)

Lemma 2.1. The Bernoulli polynomials of fractional index can be ex-

pressed in terms of the Bernoulli numbers of fractional index by the formula

Ba,m(z) =
∑m

k=0

(
m

k

)
Ba,kz

m−k. (2.3)

Furthermore, the polynomials Ba,m(z) satisfy the recurrence relation∑[m/2]

k=0

(−1)k

k!(m− 2k)!

[
a

k + a
Ba,m−2k(z)− zm−2k

]
= 0. (2.4)
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Proof. We combine (2.2) and (2.1) to get∑∞

m=0
Ba,m(z)(xm/m!) =

x2ae−x
2

aγ(a, x2)
exz

=
(∑∞

m=0
Ba,m(xm/m!)

)(∑∞

m=0
zm(xm/m!)

)
=
∑∞

m=0

∑m

k=0

(
m

k

)
Ba,kz

m−k(xm/m!).

Comparing coefficients yields (2.3). To prove (2.4), we multiply (2.2) by

the denominator aγ
(
a, x2

)
and expand both sides of the resulting equation

into power series to get(∑∞

m=0
zm(xm/m!)

)(∑∞

k=0
(−1)k(x2k/k!)

)
=

(∑∞

k=0

a(−1)kx2k

k!(k + a)

)(∑∞

m=0
Ba,m(z)(xm/m!)

)
.

Carrying out the multiplication, we obtain∑∞

m=0

∑[m/2]

k=0

(−1)kzm−2k

k!(m− 2k)!
xm =

∑∞

m=0

∑[m/2]

k=0

a(−1)kBa,m−2k(z)

(k + a)k!(m− 2k)!
xm.

Comparing the coefficients of xm yields the recurrence formula of the

Bernoulli polynomials fractional index. �

Here are the first few values of Bernoulli polynomials of fractional

index: Ba,0(z) = 1, Ba,1(z) = z, Ba,2(z) = z2−(2/(1+a)), Ba,3(z) =

z3 − (6z/(1 + a)), Ba,4(z) = z4 − 12z2/(1 + a) + 24/((1 + a)2(2 + a)),

Ba,5(z) = z5 − 20z3/(1 + a) + 120z/( (1 + a)2(2 + a) ).

Lemma 2.2. The Bernoulli polynomials of fractional index satisfy the

relation

Ba,m(z1 + z2) =
∑m

j=0

(
m

j

)
Ba,j(z1)z

m−j
2 .

Proof. Using the fact that
(
n
m

)(
m
k

)
=
(
n
k

)(
n−k
m−k

)
, we have

Ba,m(z1 + z2) =
∑m

k=0

(
m

k

)
Ba,k (z1 + z2)

m−k

=
∑m

k=0

(
m

k

)
Ba,k

∑m−k

j=0

(
m− k
j

)
zj1z

m−k−j
2

=
∑m

k=0

∑m

j=k

(
m

k

)(
m− k
j − k

)
Ba,kz

j−k
1 zm−j2

=
∑

0≤k≤j≤m

(
m

j

)(
j

k

)
Ba,kz

j−k
1 zm−j2
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=
∑m

j=0

(
m

j

) j∑
k=0

(
j

k

)
Ba,kz

j−k
1 zm−j2

=
∑m

j=0

(
m

j

)
Ba,j(z1)z

m−j
2

completing the proof. �

Remark 2.1. The following properties of the Bernoulli polynomials of

fractional order can easily be verified.

(1) Ba,m(0) = Ba,m and Ba,0(z) = 1.

(2) ∂
∂zBa,m(z) = mBa,m−1(z), m ∈ N

(3) Ba,m(z + 1)−Ba,m(z) =
∑m

k=1

(
m
k

)
Ba,m−k(z).

(4) Ba,m(0) 6= Ba,m(1).

Lemma 2.3. The polynomials Ba,m(z) satisfy

Ba,m(1− z) =
∑m

k=0

(
m

k

)
(−1)k+1Ba,k(z).

Proof. Using (2.2), we obtain∑∞

m=0
Ba,m(1− z)(xm/m!) =

x2aex(1−z)−x
2

aγ(a, x2)
= −(−x)2ae−zx−x

2

aγ(a, x2)
ex

= −
(∑∞

m=0
Ba,m(z)((−x)m/m!)

)(∑∞

m=0
(xm/m!)

)
= −

∑∞

m=0

∑m

k=0

(
m

k

)
Ba,k(z)(−1)k(xm/m!).

Comparing the coefficients yields the lemma. �

Theorem 2.1. For each positive integer n, we have∑n−1

j=0
Ba,m (z + (j/n))

=
∑m+1

k=0

(
m+ 1

k

)
nk−m

m+ 1
Ba,k(z)(Bm+1−k(n)−Bm+1−k), (2.5)

where Bm and Bm(z) are the classical Bernoulli numbers and polynomials,

respectively.

Proof. We note that∑∞

m=0

[∑n−1

j=0
Ba,m (z + (j/n))

]
(xm/m!)

=
∑n−1

j=0

(∑∞

m=0
Ba,m (z + (j/n)) (xm/m!)

)
=
∑n−1

j=0

(
x2aex(z+

j
n)−x2

aγ(a, x2)

)
=
x2aexz−x

2

aγ(a, x2)

(∑n−1

j=0
ejx/n

)
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=
∑n−1

j=0

(
x2aex(z+

j
n)−x2

aγ(a, x2)

)
=
x2aexz−x

2

aγ(a, x2)

(∑n−1

j=0
ejx/n

)
=
x2aexz−x

2

aγ(a, x2)

ex − 1

ex/n − 1
=
x2aexz−x

2

aγ(a, x2)

n

x

{
x
ne

x
n
n

ex/n − 1
− x/n

ex/n − 1

}
=
n

x

(∑∞

m=0
Ba,m(z)(xm/m!)

)(∑∞

m=0
[Bm(n)−Bm] ((x/n)m/m!)

)
=
∑∞

m=0

(∑m+1

k=0

(
m+2

k

)
Ba,k(z)

nk−m

m+1
(Bm+1−k(n)−Bm+1−k)

)
xm

m!
.

Therefore,∑n−1

j=0
Ba,m(z+(j/n))=

∑m+1

k=0

(
m+1

k

)
nk−m

m+1
Ba,k(z)(Bm+1−k(n)−Bm+1−k)

which completes the proof. �

If we put n = 1 in (2.5), we obtain

Corollary 2.1.

Ba,m(z) = (1/(m+1))
∑m+1

k=0

(
m+1

k

)
Ba,k(z)(Bm+1−k(1)−Bm+1−k).

Theorem 2.2. Let p be a positive integer and βa,m,p be defined by

α(z, x, p) :=
x2aexz−x

2

(aγ(a, x2))p
=
∑∞

m=0
βa,m,p(z)(x

m/m!). (2.6)

Then
∂α

∂x
= (2ax−1 + z − 2x)α(z, x, p)− 2apx−1α(z, x, p)α(x, 1) (2.7)

and

2ap
∑m+1

k=0

(
m+ 1

k

)
βa,k,p(z)βa,m−k+1,1 = (2a−m− 1)βa,m+1,p(z)

+ (m+ 1)zβa,m,p(z)− 2(m+ 1)mβa,m−1,p(z), (2.8)

where α(x, 1) = α(0, x, 1) and βa,m,p = βa,m,p(0).

Proof. The first part is a routine computation. To see (2.8), multiply both

sides of (2.7) by x to get∑∞

m=0
mβa,m,p(z)(x

m/m!)

= 2aα(z, x, p) + zxα(z, x, p)− 2x2α(z, x, p)− 2apα(z, x, p)α(x, 1).

Using the series representation of α(z, x, p) in (2.6), we get∑∞

m=0
mβa,m,p(z)(x

m/m!) = 2a
∑∞

m=0
βa,m,p(z)(x

m/m!)

+ z
∑∞

m=0
βa,m,p(z)(x

m+1/m!)− 2
∑∞

m=0
βa,m,p(z)(x

m+2/m!)

− 2ap
∑∞

m=0

∑m

k=0

(
m

k

)
βa,k,p(z)βa,m−k,1(x

m/m!).



HYPERGEOMETRIC BERNOULLI ..... OF FRACTIONAL INDEX 105

Comparing the coefficients yields (2.8). �
Remark 2.2. Note that when p = 1, we have βa,m,1(z) = Ba,m(z).

Substituting equation (2.2), into the identity

x
∂α

∂x
− (2a+ zx− 2x2)α(z, x, 1) + 2aα(z, x)α(x, 1) = 0,

where α(x, 1) is the generating function of the Bernoulli numbers of frac-

tional index, we obtain∑∞

m=0
(m− 2a)Ba,m(z)(xm/m!)− z

∑∞

m=0
Ba,m(z)(xm+1/m!)

+ 2
∑∞

m=0
Ba,m(z)(xm+2/m!)

+ 2a
∑∞

m=0

∑m

k=0

(
m

k

)
Ba,k(z)Ba,m−k(x

m/m!) = 0.

Putting the coefficients of xm+1 equal to zero, we obtain (1.7):

(m+ 1)Ba,m+1(z)− (m+ 1)zBa,m(z) + 2m(m+ 1)Ba,m−1(z)

+ 2a
∑m

k=0

(
m+ 1

k

)
Ba,k(z)Ba,m−k+1 = 0, m ∈ N.

One can also use this recurrence formula to calculate the Bernoulli polyno-

mials of fractional index, with initial values of Ba,0(z) = 1 and Ba,1(z) = z.

Setting z = 0 in (1.7) gives, for m ∈ N, the following recurrence relation

(see (1.6)) for the Bernoulli numbers of fractional index:

(m+1)Ba,m+1+2m(m+1)Ba,m−1+2a
∑m

k=0

(
m+1

k

)
Ba,kBa,m−k+1=0. (2.9)

We can now use this recurrence formula to compute the Bernoulli numbers

of fractional index starting from Ba,0 = 1, and Ba,1 = 0.

We end this section with the observation that the identity ∂α
∂z−xα(z, x) =

0 leads to∑∞

m=0
B′a,m(z)(xm/m!)−

∑∞

m=0
mBa,m−1(z)(x

m/m!) = 0,

which in turn produces B′a,m(z) = mBa,m−1(z), m ∈ N.
3. Higher order fractional Bernoulli polynomials and

Bernoulli numbers and some of their recurrences

In this section, we shall introduce the higher order Bernoulli numbers

and polynomials of fractional index and investigate some of their recurrence

relations.

Definition 3.1. For t ∈ N, the higher order Bernoulli polynomials of frac-

tional index are defined by the generating function(
x2ae−x

2

aγ(a, x2)

)t
exz =

∑∞

m=0
B(t)
a,m(z)(xm/m!), (3.1)
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and the higher order Bernoulli numbers of fractional index are defined by

B
(t)
a,m = B

(t)
a,m(0).

Note that B
(1)
a,m(z) = Ba,m(z), the Bernoulli polynomials of fractional

index, and B
(1)
a,m(0) = Ba,m, the Bernoulli numbers of fractional index.

Theorem 3.1. The higher order Bernoulli polynomials of fractional index

satisfy, for m ∈ N, the recurrence formulas

(m+ 1)B
(t)
a,m+1(z)− (m+ 1)zB(t)

a,m(z) + 2tm(m+ 1)B
(t)
a,m−1(z)+

2at
∑m

k=0

(
m+ 1

k

)
B

(t)
a,k(z)Ba,m−k+1 = 0, (3.2)

and

(m+1)B
(t)
a,m+1+2tm(m+1)B

(t)
a,m−1+2at

∑m

k=0

(
m+1

k

)
B

(t)
a,kBa,m−k+1=0, (3.3)

Proof. Differentiating both sides of (3.1) with respect to x and then multi-

plying by x, we obtain

2ta
∑∞

m=0
B(t)
a,m(z)

xm

m!
−2t

∑∞

m=0
B(t)
a,m(z)

xm+2

m!
+z
∑∞

m=0
B(t)
a,m(z)

xm+1

m!
−

2at
∑∞

m=0

∑m

k=0

(
m

k

)
B

(t)
a,k(z)Ba,m−k(x

m/m!)=
∑∞

m=0
mBa,m(z)(xm/m!).

Comparing the coefficients, we have the recurrence relation

(m+ 1)B
(t)
a,m+1(z)− (m+ 1)zB(t)

a,m(z) + 2tm(m+ 1)B
(t)
a,m−1(z)+

2at
∑m

k=0

(
m+ 1

k

)
B

(t)
a,k(z)Ba,m−k+1 = 0, m ∈ N.

Putting z = 0 in (3.2) yields the recurrence relation of the higher order

Bernoulli numbers of fractional index (3.3). �

Remark 3.1. For t = 1, (3.2) and (3.3) becomes the recurrence formulas of

the Bernoulli polynomials of fractional index (1.7) and the Bernoulli num-

bers of fractional index (2.9), respectively. It is also clear that

B
(t)
a,m(z + 1) =

∑m
k=0

(
m
k

)
B

(t)
a,k(z).

Theorem 3.2. For m > 0, the higher order Bernoulli polynomials of frac-

tional index satisfy the recurrence relations

B
(t+1)
a,m+1(z) = (2at)−1(2at−m− 1)B

(t)
a,m+1(z) + (2at)−1(m+ 1)zB(t)

a,m(z)

−ma−1(m+ 1)B
(t)
a,m−1(z).
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Proof. Let α(a, x) = x2ae−x2

aγ(a,x2)
. Then from (3.1) we have

αt(a, x)exz =
∑∞

m=0
B(t)
a,m(z)(xm/m!). (3.4)

Differentiating both sides of (3.4) with respect to x, we get

2t(ax−1 − x)αt(a, x)exz − 2atx−1αt+1(a, x)exz + zαt(a, x)exz

=
∑∞

m=0
mB(t)

a,m(z)(xm−1/m!).

Multiplying these by x and using (3.4), we obtain

2ta
∑∞

m=0
B(t)
a,m(z)(xm/m!)− 2t

∑∞

m=0
B(t)
a,m(z)(xm+2/m!)

− 2ta
∑∞

m=0
B(t+1)
a,m (z)(xm/m!) + z

∑∞

m=0
B(t)
a,m(z)

xm+1

m!

=
∑∞

m=0
mB(t)

a,m(z)(xm/m!).

The result follows from comparing the coefficients. �

Theorem 3.3. The higher order Bernoulli polynomials of fractional index

satisfy the recurrence relations

B(t)
a,m(z1 + z2 + ...+ zt) =

∑
k1+···+kt=m,
k1,··· ,kt≥0

(
m

k1, · · · , kt

)
Ba,k1(z1) · · ·Ba,kt(zt),

where
(

m
k1,··· ,kt

)
is the multinomial coefficients.

Proof. Using equation (3.1), we have∑∞
m=0B

(t)
a,m(z1 + z2 + · · ·+ zt)

xm

m! =
(
x2ae−x2

aγ(a,x2)

)t
e(z1+z2+···+zt)x

=
(∑∞

m=0Ba,m(z1)
xm

m!

) (∑∞
m=0Ba,m(z2)

xm

m!

)
· · ·
(∑∞

m=0Ba,m(zt)
xm

m!

)
=
(∑∞

m=0B
m
a (z1)

xm

m!

) (∑∞
m=0B

m
a (z2)

xm

m!

)
· · ·
(∑∞

m=0B
m
a (zt)

xm

m!

)
= e[Ba(z1)+···+Ba(zt)]x =

∑∞
m=0(Ba(z1) + · · ·+Ba(zt))

mxm

m!

=
∑∞

m=0

∑
k1+···+kt=m
k1,··· ,kt≥0

[(
m

k1,··· ,kt
)
Ba,k1(z1) · · ·Ba,kt(zt)

]
(xm/m!),

and the proof is completed. �

Lemma 3.1. dk

dzk
B

(t)
a,m(z) = m!

(m−k)!B
(t)
a,m−k(z), m ≥ k.

Proof. We have
dk

dzk
αt(a, x)exz = αt(a, x)

dk

dzk
exz =

∑∞

m=0

dk

dzk
B(t)
a,m(z)(xm/m!).

Hence
αt(a, x)exzxk =

∑∞

m=0

dk

dzk
B(t)
a,m(z)(xm/m!).

Therefore∑∞

m=0
B

(t)
a,m−k(z)

xm

(m− k)!
=
∑∞

m=0

dk

dzk
B(t)
a,m(z)(xm/m!).

Comparing the coefficients yields the lemma. �
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Theorem 3.4. The higher order Bernoulli polynomials of fractional index

satisfy the differential equation

Ba,m
m!

ym +
Ba,m−1
(m− 1)!

y(m−1) + · · ·+
(
Ba,2
2!

+
1

a

)
y
′′ − z

2at
y′ +

m

2at
y = 0.

Proof. By (3.2), we have

(m+ 1)B
(t)
a,m+1(z)− (m+ 1)zB(t)

a,m(z) + 2tm(m+ 1)B
(t)
a,m−1(z)+

2at
∑m

k=0

(
M + 1

k

)
B

(t)
a,k(z)Ba,m−k+1 = 0, m ∈ N.

Now replacing m by m+ 1, we find that

mB(t)
a,m(z)− zmB(t)

a,m−1(z) + 2tm(m− 1)B
(t)
a,m−2(z)

+ 2at
∑m−1

k=0

(
m

k

)
B

(t)
a,k(z)Ba,m−k = 0. (3.5)

Let us denote B
(t)
a,m(z) by y. Then by Lemma 3.1, we have

B
(t)
a,m−k(z) = ( (m− k)!/m! )y(k), k = 1, 2, · · · ,m

and hence
B

(t)
a,k(z) = (k!/m!)y(m−k), k = 0, 1, · · · ,m.

Substituting this in (3.5) and dividing both sides by 2at, we get

(m/2at)y − (z/2at)y′ + (1/a)y′′ +
∑m−1

k=0

Ba,m−k
(m− k)!

y(m−k) = 0,

from which we conclude that (1/m!)Ba,my
(m)+(Ba.m−1/(m−1)!)y(m−1)+

· · ·+ (1/2!)Ba,2y
′′+Ba,1y

′+ (m/2at)y− (z/2at)y′+ (1/a)y′′ = 0, thereby

proving the theorem. �

By taking t = 1 in the above theorem, we can get the differential

equation satisfied by the Bernoulli polynomials of fractional index:

Corollary 3.1. For t = 1 and y = Ba,m(z), we have

Ba,m
m!

ym +
Ba,m−1
(m− 1)!

y(m−1) + · · ·+
(
Ba,2
2!

+
1

a

)
y
′′ − z

2a
y′ +

m

2a
y = 0.

4. Determinant Representation of Bernoulli numbers and
polynomials of fractional index and their relation

with Hermite polynomials

The determinant expression of the classical Bernoulli numbers were first

introduced by Glaisher in 1875, see [13], where he also discussed the Cauchy

and Euler numbers. More recently, R. Booth and H.D. Nguyen in [1] es-

tablished a determinant formula of Bernoulli polynomials by considering a

square version of Pascal’s triangle.
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In this section, we shall show that the Bernoulli polynomials of frac-

tional index also admit a determinant representation. To this end, we

consider

f(x) =
∑∞

m=0
cmx

m, and g(x) =
∑∞

m=0
amx

m,

and their quotient:

( f(x)/g(x) ) =
∑∞

m=0
Amx

m.

Clearly, from the Dirichlet product formula for power series, we have

cm =
∑m

k=0

(
m

k

)
akAm−k.

As in [1], solving the above equation for Am, we to obtain

Am = (−1)m
1

am0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c0 a0 0 0 · · · 0

c1 a1 a0 0 · · · 0

c2 a2 a1 a0 · · · 0
...

...
...

...
...

...

cm−1 am−1 am−2 am−3 · · · a0

cm am am−1 am−2 · · · a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(4.1)

From the definition of the Bernoulli polynomials of fractional index, we can

view the equation (2.2) as a division of two power series as follows:

exz−x
2

ax−2aγ(a, x2)
= ( f(x)/g(x) ) =

∑∞

m=0
Amx

m,

where

f(x)=
∑∞

m=0

∑[m/2]

k=0

zm−2k(−1)k

k!(m− 2k)!
xm and g(x)=

∑∞

m=0

a(−1)m

m!(m+ a)
x2m.

Here

cm =
∑[m/2]

k=0

zm−2k(−1)k

k!(m− 2k)!
and am =


a(−1)m/2

(m
2
)!(m

2
+a) , if m = even;

0, if m = odd.

and Ba,m(z) = m!Am. From (4.1), we find the following determinant for-

mula for the Bernoulli polynomials of fractional index:

Ba,m(z) = m!(−1)mamD = m!(−1)mam|bij |, (4.2)

where the determinant D is as on the next page and

bij =


0, if i+1 < j and i=j+2k, j 6= 1, k = 0, 1, · · · ;∑[ i−1

2 ]
k=0

zi−1−2k(−1)k
k!(i−1−2k)! , if j = 1;

(−1)[
i−j+1

2 ]

[ i−j+1
2 ]![ i−j+1

2
+a]

, if j = i+1 and i=j+k, j 6= 1, k = odd.
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D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1
a 0 0 · · · 0

z 0 1
a 0 · · · 0

z2

2! − 1 − 1
1+a 0 1

a · · · 0

z3

3! − z 0 − 1
1+a 0 · · · 0

z4

4! −
z2

2! + 1
2

1
2!(2+a) 0 − 1

1+a · · · 0

...
...

...
...

...
...

∑[m/2]
k=0

zm−2k(−1)k
k!(m−2k)! 0 (−1)[

m−1
2 ]

[m−1
2 ]!([m−1

2 ]+a)
0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
m+1

.

Finally, we put z = 0 in (4), get to obtain the determinant formula for the

Bernoulli numbers of fractional index: Ba,m = m!(−1)mamG, where G

is the determinant given by

G =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1
a 0 0 · · · 0

0 0 1
a 0 · · · 0

−1 − 1
1+a 0 1

a · · · 0

0 0 − 1
1+a 0 · · · 0

...
...

...
...

...
...

(−1)[
m
2 ]

[m/2]! 0 (−1)[
m−1

2 ]

[m−1
2 ]!([m−1

2 ]+a)
0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
m+1

.

Definition 4.1. The Hermite polynomials Hm(z) are defined by

Hm(z) = (−1)mez
2 dm

dzm
e−z

2
, m = 0, 1, 2, .... (4.3)

The first few Hermite polynomials are H0(z) = 1, H1(z) = 2z, H2(z)

= 4z2 − 2, H3(z) = 8z3 − 12z, H4(z) = 16z4 − 48z2 + 12. An explicit

formula for the Hermite polynomial Hm(z) is given by

Hm(z) =
∑[n/2]

k=0

(−1)km!

k!(m− 2k)!
(2z)m−2k,
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where [ν] denotes the largest integer ≤ ν. Furthrermore, a generating

function for the Hermite polynomials is given by

Ω(z, x) = e2zx−x
2

=
∑∞

m=0

Hm(z)

m!
xm, |x| <∞.

From equation (2.2), we find that

exz−x
2

= ax−2aγ(a, x2)
∑∞

m=0Ba,m(z)(xm/m!)

=
(∑∞

k=0
(−1)kax2k
k!(k+a)

)
(
∑∞

m=0Ba,m(z)(xm/m!))

=
∑∞

m=0

∑[m/2]
k=0

a(−1)kBa,m−2k(z)
k!(k+a)(m−2k)! x

m.

Thus, we have

Hm(z) =
∑[m/2]

k=0

a(−1)kBa,m−2k(2z)m!

k!(k + a)(m− 2k)!
. (4.4)

From (4.4), we obtain H0(z) = Ba,0(2z), H1(z) = Ba,1(2z), H2(z) =

Ba,2(2z) − 2!a
1+aBa,0(2z), H3(z) = Ba,3(2z) − 3!a

1+aBa,1(2z), H4(z)

= Ba,4(2z) − 4!a
2!(1+a)Ba,2(2z) + 4!a

2!(2+a)Ba,0(2z), To express the fractional

Bernoulli polynomials Ba,m(z) in terms of Hermite polynomials Hn(z), we

first note that

exz−x
2

ax−2aγ(a, x2)
=

∑∞
m=0Hm(z/2)x

m

m!∑∞
m=0

(−1)ma
(m+a)

x2m

m!

=
∑∞

m=0
Ba,m(z)(xm/m!).

Using (4.1) with cm = (1/m!)Hm(z/2) and

am =

{
a(−1)m/2

(m/2)!(m
2
+a) , if m = even,

0, if m = odd,
,

we have Ba,m(z) = (−1)mm! B, where the determinant B is given by

B =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

H0(z/2) 1 0 0 · · · 0

H1(z/2) 0 1 0 · · · 0

1
2!H2(z/2) −a

1+a 0 1 · · · 0

1
3!H2(z/2) 0 −a

1+a 0 · · · 0
...

...
...

...
...

...

1
m!Hm(z/2) 0 a(−1)

m−1
2

(m−1
2

)!(m−1
2

+a)
0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
m+1

.

Starting with the first row, if we factor (1/(i − 1)!) from the row i, then

the Bernoulli polynomials of fractional index can be expressed as

((−1)m/(1!2!3! · · · (m− 1)!)) C
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,where the determinant C is given by∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

H0(
z
2) 1 0 0 · · · 0

H1(
z
2) 0 1 0 · · · 0

H2
z
2) −2!a

1+a 0 2! · · · 0

H2(
z
2) 0 −3!a

1+a 0 · · · 0

...
...

...
...

...
...

Hm−1( z2) am!(−1)
m−1

2

(m−1
2

)!(m−1
2

+a)
0 am!(−1)

m−3
2

(m−3
2

)!(m−3
2

+a)
· · · (m− 1)!

Hm( z2) 0 am!(−1)
m−1

2

(m−1
2

)!(m−1
2

+a)
0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
m+1

.

Expanding this matrix with respect to the first row yields

Ba,m(z) = ( (−1)m/(1!2!3! · · · (m− 1)!) )

× [H0(z/2)|b11| − H1(z/2)|b21|+ · · ·+ (−1)mHm(z/2)|bm+1 1|] ,
where bk1 is m − 1 by m − 1 matrix obtained by deleting the kth row and

the first column. Therefore,

Ba,m(z) = ( (−1)m/(1!2!3! · · · (m− 1)!) )
∑m

k=0
(−1)kHk(z/2)|bk+1 1|.

Here are the first few examples: Ba,0(z) = H0(z/2), Ba,1(z) = H1(z/2),

Ba,2(z) = H2(z/2) + 2!a
1+aH0(z/2), Ba,3(z) = H3(z/2) + 3!a

1+aH1(z/2),

Ba,4(z) = H4(z/2) + 4!a
2!(1+a)H2(z/2)+

[
4!a2

(1+a)2
− 4!a

2!(2+a)

]
H0(z/2), and

Ba,5(z) = H5(z/2) + 5!a
3!(1+a)H3(z/2) +

[
5!a2

(1+a)2
− 5!a

2!(2+a)

]
H1(z/2).
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Abstract. In this note, we improve a well-known classical Abel’s the-

orem on positive decreasing terms of a series by imposing some new

conditions on the positive terms.

1. Introduction and statements of Theorems
The following classical theorem on the positive decreasing terms of a

series is due to Abel, Pringsheim and Oliver:

Theorem 1. Let an be positive for all n ≥ 0 and the sequence (a) (an)∞n=0

be decreasing. Then (b) lim
n→∞

nan = 0 provided the series (c)
∑∞

n=0 an

converges.

According to Hardy [1, p. 350], this result was first discovered by Abel

and then was rediscovered by Pringsheim. And according to Knopp [2, p.

124] it is due to Oliver who had discovered this result in 1827.

It seems that after 1827 no one has made any effort either to generalize

this result or to relax the hypotheses of Theorem 1 till 1997 when Tong [3]

replaced the condition (a) by a set of conditions imposed upon a positive

function f with f(n) = an to get (b). But his set of conditions and the

condition (a) are independent. However this result of Tong provides a

motivation to re-think over the hypotheses of Theorem 1.

In this note we propose to prove the following result which improves

Theorem 1 by replacing the hypothesis (a) by a weaker hypothesis involving

the set of two conditions on (an) and by replacing (c) by a necessary and

sufficient condition.

Theorem 2. Let an > 0 for all n ≥ 0. Suppose there exists non-negative

and non-increasing sequences (xn)∞n=0 and (yn)∞n=0 such that

2010 Mathematics Subject Classification: 40-99, 40A05

Key words and phrases: Series of positive decreasing terms, Abel’s theorem, Series

of positive non-increasing terms.
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(a-1) an = xn − yn for all n ≥ 0 and (a-2) lim
n→∞

n(yn − y2n) = 0.

Then (b) of Theorem 1 holds if and only if (C) lim
n→∞

∑2n
k=n ak = 0.

Remark-1. Observe that if we take an = 2
3

1
n log(n+1) for n ≥ 1 then it

fails to satisfy the condition (c) of Theorem 1 though the condition (b)

is satisfied, and hence, in Theorem 1, the condition (c) is sufficient but

not necessary for (b) to hold true. On the other hand, if we choose the

sequences xn = 1
n log(n+1) and yn = 1

3
1

n log(n+1) , then all the conditions of

Theorem 2 are satisfied and Theorem 2 is applicable to it.

The following interesting result easily follows from Theorem 2.
Theorem 3. Let an > 0 for all n ≥ 0 and let (A) (an)∞n=0 be non-

increasing. Then in order that condition (b) of Theorem 1 should hold true

it is necessary and sufficient that the condition (C) of Theorem 2 should

hold true.

Remark-2. Consider Theorem 1 and Theorem 2. Observe that the condi-

tion (C) is not only weaker than condition (c) but it is necessary also for the

condition (b) to hold true. Also, clearly the space of sequences satisfying

condition (a) is contained in the space of sequences satisfying the condition

(A). To see that this inclusion is strict, let

an =
1

(1 + [n/2])(1 + [log(n + 1)])
(n ∈ N),

where [x] denotes the integral part of |x| 6= 0. Then (an) neither satisfies

(a) nor (c), but it does satisfy (A). And, since x
2 < 1 + [x2 ] for x > 1,

therefore we have

0 <
∑2n

k=n
ak < (log(n + 1))−1

∑2n

k=n
2/k,→ 0

,as n→∞. Hence (C) holds.

2. proofs of the theorems

Proof of Theorem 2. We first prove that (C) is sufficient for (b) to hold

true. Using (a-1), we write ak+i = xk+i − yk+i, for i = 0, 1, 2, · · · , k,

where k > 0. Since (xn) and (yn) are non-increasing sequences of non-

negative numbers for n ≥ 0, we get ak+i ≥ x2k − yk (i = 0, 1, · · · , k).

Hence we have∑2k

m=k
am ≥ (k + 1)(x2k − yk) = (k + 1)a2k − (k + 1)(yk − y2k)

=

(
k + 1

2k

)
2ka2k −

(
k + 1

k

)
k(yk − y2k),

by (a-1). Now letting k →∞ on both sides and using (a-2) we get
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lim
k→∞

∑2k

m=k
am ≥ (1/2) lim

k→∞
2ka2k ≥ 0,

since ak > 0 for all k. In view of (C) it follows that (b) holds when

n→∞ through even integers. To prove that (b) holds even when n→∞
through odd integers, observe again that we have a2k+1 = x2k+1 − y2k+1 ≤
x2k − y4k = a2k + y2k − y4k using (a-1) as (xn) and (yn) are non increasing.

Hence

(2k + 1)a2k+1 ≤ (1 + (1/2k)) 2ka2k + (1 + (1/2k)) 2k(y2k − y4k).

Now, letting k →∞ on both sides and using (a-2), we get

0 ≤ lim
k→∞

(2k + 1)a2k+1 ≤ lim
k→∞

(2k)a2k = 0,

as (b) holds when n → ∞ through even integers as proved above. The

sufficiency of (C) is thus established.

To prove that (C) is necessary for (b) to hold true, proceed as above to

get ak+i = xk+i − yk+i < xk − yk+i for i = 0, 1, · · · , k, k > 0. This gives∑k
i=0 ak+i ≤ (k + 1)xk − (k + 1)y2k which in turn gives in view of (a-1)

0 ≤
∑2k

m=k
am ≤ (k + 1)(xk − yk) + (k + 1)(yk − y2k)

= (1 + (1/k))[kak + k(yk − y2k)].

Letting now k → ∞ on both sides and using (b) and (a-2), we get 0 ≤
lim
k→∞

∑2k
m=k am ≤ 0. This proves that condition (C) is necessary. This

completes the proof of the theorem. �

Proof of Theorem 3. Let yn = 0 for all n ≥ 0 in Theorem 2. Then (a-

2) obviously holds. Choose xn = an for all n. Then in view of hypothesis

(A), (xn) is non-increasing. Thus, we have non-negative and non-increasing

sequences (xn) and (yn) satisfying conditions (a-1) and (a-2). Therefore,

an application of Theorem 2 implies that (b) holds if and only if (C) holds.

This completes the proof. �
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Abstract. We give a new constructive proof of the well-known result

that every derivation on Mn(C) is inner, taking an approach based

on fixed point theory. The proof yields an explicit formula for the

matrix implementing the inner derivation (modulo translation by scalar

matrices) by employing a standard averaging technique over the unitary

group of Mn(C). As a corollary, it follows that the matrix may be

chosen with norm less than or equal to the norm of the derivation.

1. Introduction
For a positive integer n, let Mn(C) denote the set of n × n complex

matrices. A derivation δ : Mn(C) → Mn(C) is a C-linear transformation

on Mn(C) satisfying the Leibnitz rule, that is, δ(AB) = Aδ(B) + δ(A)B

for all A,B ∈ Mn(C). The study of derivations is motivated by the fact

that they are infinitesimal generators of (continuous) one-parameter groups

of automorphisms, which arise in the study of time evolution of physical

systems. Since the motivation on our part is one of mathematical curiosity

and pedagogy, we limit our scope to the case of matrix algebras. For a fixed

matrix Z ∈ Mn(C), it is easy to verify that the linear transformation on

Mn(C) given by A 7→ ZA− AZ =: [Z,A] is a derivation. Such derivations

are called inner derivations and we say that the matrix Z implements the

inner derivation. An automorphism Φ : Mn(C) → Mn(C) is said to be an

inner automorphism if there is an invertible matrix P in Mn(C) such that

Φ(A) = PAP−1 for all A ∈Mn(C), that is, the automorphism is ‘spatially’

implemented. An inner derivation generates a one-parameter group of inner

automorphisms.

In this note, we present a constructive proof of the fact that all deriva-

tions on Mn(C) are inner (henceforth called the Derivation Theorem). For
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a derivation δ, we find an explicit formula for a matrix implementing δ as

an inner derivation. As an application, we use the formula to show that

it is possible to choose such a matrix with norm less than or equal to the

norm of the derivation. We note that the strategy also works for a proof of

the Derivation Theorem for Mn(R).

2. Preliminaries

Definition 2.1. For a locally compact topological group G, let Σ denote a

σ-algebra of subsets of G containing the Borel subsets. A Radon measure

µ : Σ→ R is said to be a left-invariant Haar measure on G if µ(gS) = µ(S)

for all g ∈ G and µ-measurable subsets S of G.

It was first shown by Haar that a left-invariant Radon measure exists

on any locally compact topological group and is unique upto multiplication

by a positive constant. This generalizes the notion of Lebesgue measure

on the Euclidean spaces Rn. Our interest in the Haar measure stems from

the averaging procedure it allows via integration over the group which,

loosely speaking, results in functions or other mathematical objects that

are invariant under action of the group.

Since the Haar measure is finite for a compact group, we may normalize

it to a probability measure. On an n-dimensional Lie group, the measure

induced by a left-invariant n-form is a Haar measure. For our discussion, the

pertinent groups are the unitary group U (n) of Mn(C), and the orthogonal

group O(n) of Mn(R), both of which are compact Lie groups.

Lemma 2.2. Every matrix in Mn(C) can be written as a C-linear combi-

nation of four unitary matrices in Mn(C).

Proof. For a matrix A, without loss of generality we may assume that

‖A‖ ≤ 1 as A = ‖A‖( A
‖A‖). Let <(A) := A+A∗

2 ,=(A) := A−A∗

2i , denote the

real and imaginary parts, respectively, of A, so that A = <(A)+i=(A). The

matrices <(A) and =(A) are Hermitian, and have matrix norm less than

or equal to 1. Using the spectral theorem and the continuous functional

calculus for a Hermitian matrix H with ‖H‖ ≤ 1 (and thus, −I ≤ H ≤ I),

we note that φ1(H) := H + i
√
I −H2, and φ2(H) := H − i

√
I −H2, are

unitary matrices. Thus the decomposition,

A =
1

2
φ1(<(A)) +

1

2
φ2(<(A)) +

i

2
φ1(=(A)) +

i

2
φ2(=(A)),

shows that A can be written as a C-linear combination of four unitary

matrices. �
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Lemma 2.3. Every matrix in Mn(R) can be written as an R-linear com-

bination of finitely many orthogonal matrices in Mn(R).

Proof. For n = 1, the assertion holds trivially and hence we assume that

n ≥ 2. Note that we may represent

[
1 0

0 0

]
as an R-linear combination of

five orthogonal matrices in M2(R) as follows,

1

2

[
1 0

0 1

]
+

1

2
√

2

[
1√
2

1√
2

1√
2
− 1√

2

]
+

1

2
√

2

[
1√
2

1√
2

− 1√
2

1√
2

]

− 1

2
√

2

[
− 1√

2
1√
2

1√
2

1√
2

]
− 1

2
√

2

[
1√
2

1√
2

− 1√
2

1√
2

]
.

Thus the matrix unit E11 in Mn(R), with 1 in the (1, 1)th position and 0’s

elsewhere, can be represented as an R-linear combination of five orthogonal

matrices in Mn(R) using the canonical embedding O(2) ↪→ O(n) given by[
a11 a12

a21 a22

]
7→

a11 a12

a21 a22
0

0 In−2

 .
Recall that permutation matrices are orthogonal matrices. By multiplying

suitable permutation matrices to E11 (on the left or the right), we conclude

that any matrix unit Eij , 1 ≤ i, j ≤ n, may be represented as a linear

combination of five orthogonal matrices in Mn(R). Since the n2 matrix

units R-linearly generate Mn(R), we note that every matrix in Mn(R) can

be written as an R-linear combination of 5n2 orthogonal matrices in Mn(R).

�
3. Proof of the Derivation Theorem

Theorem 3.1. Let δ be a derivation on Mn(C). Then there exists a

matrix Z ∈Mn(C) such that δ(A) = ZA−AZ =: [Z,A] for all A ∈Mn(C).

Furthermore, Z is unique upto translation by a scalar matrix. Let U (n)

denote the compact group of unitary matrices in Mn(C), with the left-

invariant Haar probability measure on U (n) denoted by dU . We have the

following formula,

Z = αI +

∫
U (n)

δ(U)U−1 dU,

for some α ∈ C.

Proof. Define a family of affine linear maps on Mn(C), indexed by U (n),

in the following manner:

ψU (X) := UXU−1 + δ(U)U−1, for U ∈ U (n).
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For U, V ∈ U (n) and X ∈Mn(C), we observe that

ψU ◦ ψV (X) = UψV (X)U−1 + δ(U)U−1

= U
(
V XV −1 + δ(V )V −1

)
U−1 + δ(U)U−1

= (UV )X(UV )−1 +
(
Uδ(V ) + δ(U)V

)
(UV )−1

= (UV )X(UV )−1 +
(
δ(UV )

)
(UV )−1 = ψUV (X)

Thus for any U, V ∈ U (n), we have ψU ◦ ψV = ψUV .

For a fixed matrix X0 ∈Mn(C), note that ψU (X0) is a continuous func-

tion in U on the compact group U (n). Let us define Z :=
∫
U (n) ψU (X0) dU.

Keeping in mind the affine linearity of ψV and the left-invariance of the Haar

probability measure on U (n), for every unitary matrix V ∈ U (n) we have,

ψV (Z) = ψV

(∫
U (n)

ψU (X0) dU
)

=

∫
U (n)

ψV ◦ ψU (X0) dU

=

∫
U (n)

ψV U (X0) dU =

∫
U (n)

ψU (X0) dU = Z.

Thus for all U ∈ U (n), we observe that ψU (Z) = UZU−1 + δ(U)U−1 = Z,

which implies that δ(U) = ZU − UZ. Using Lemma 2.2 and the linearity

of δ, we conclude that δ(A) = ZA − AZ = [Z,A] for all A ∈ Mn(C). For

an explicit formula for Z in terms of δ, we choose X0 = 0 and note that

Z =

∫
U (n)

δ(U)U−1 dU.

If matrices Z1, Z2 both implement the inner derivation δ, then [Z1, A] =

[Z2, A] for all A ∈ Mn(C), which implies that Z1 − Z2 is in the center of

Mn(C). Thus Z1 = αI + Z2 for some α ∈ C. �

Remark 3.2. Note that for a unitary matrix V ∈ U (n) and X0 ∈ Mn(C),

we have

V (

∫
U (n)

UX0U
−1dU)V −1=

∫
U (n)

(V U)X0(V U)−1dU=

∫
U (n)

UX0U
−1dU.

Thus
∫
U (n) UX0U

−1 dU commutes with every unitary matrix and by Lemma

2.2, it must lie in the center of Mn(C). This explains why different choices

of X0 perturb Z only by scalar matrices.

Let ‖·‖ be a norm on Mn(C) which makes it a normed algebra (‖AB‖ ≤
‖A‖‖B‖ for A,B ∈ Mn(C), ‖I‖ = 1) such that ‖U‖ ≤ 1 for every unitary

matrix U ∈Mn(C). Examples of such a norm include the Frobenius norm,

‖A‖ =
√

(1/n) tr(A∗A),
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and the usual matrix norm,

‖A‖ = sup
x∈Cn\{0}

‖Ax‖2
‖x‖2

.

For a derivation δ on Mn(C), let ‖δ‖ denote the usual operator norm of δ

relative to the norm ‖ · ‖ (with properties as described above) on Mn(C).

If δ(A) = ZA − AZ for all A ∈ Mn(C), then ‖δ(A)‖ ≤ ‖ZA‖ + ‖AZ‖ ≤
2‖Z‖‖A‖, and hence (‖δ‖/2) ≤ ‖Z‖.
Corollary 3.3. Let δ be a derivation on Mn(C) (n ∈ N). Then we

can choose Z ∈ Mn(C) such that δ(A) = [Z,A] for all A ∈ Mn(C) and

‖Z‖ ≤ ‖δ‖.
Proof. From Theorem 3.1, choosing Z =

∫
U (n) δ(U)U−1 dU, we see that

‖Z‖ ≤
∫

U (n)
‖δ(U)U−1‖ dU ≤ ‖δ‖

(∫
U (n)

1 dU
)

= ‖δ‖.

�

Theorem 3.4. Let δ be a derivation on Mn(R). Then there exists a

matrix Z ∈Mn(R) such that δ(A) = ZA−AZ =: [Z,A] for all A ∈Mn(R).

Furthermore, Z is unique upto translation by a scalar matrix. Let O(n)

denote the compact group of orthogonal matrices in Mn(R), with the left-

invariant Haar probability measure on O(n) denoted by dO. We have the

following formula,

Z = αI +

∫
O(n)

δ(O)O−1 dO, for some α ∈ R.

Proof. The proof is almost identical to the one for Theorem 3.1 using the

affine R-linear maps ψO(X) = OXO−1 + δ(O)O−1, indexed by O(n), and

using Lemma 2.3. �
4. Concluding Remarks

There are generalizations of the main result discussed in several direc-

tions. For instance, the Kadison-Sakai theorem states that all derivations

of a von Neumann algebra are inner (cf. [3], [4]). Our proof is inspired by

Sakai’s approach which uses the Markov-Kakutani fixed point theorem in

an essential way (see [5, Lemma 2.5.1]). The astute reader may have noticed

that the proof of Theorem 3.1 works equally well for Mn1(C)⊕· · ·⊕Mnk
(C)

(for positive integers n1, · · · , nk) by considering its unitary group, and for

Mn1(R)⊕ · · · ⊕Mnk
(R) by considering its orthogonal group.

The theory of derivations has been studied extensively in abstract al-

gebraic settings. The approach by Hochschild (cf. [1], [2]) involves building

a cohomology theory for associative algebras in which the first cohomology
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group corresponds to the space of outer derivations. In the context of the

Derivation Theorem, one studies associative algebras that have trivial first

Hochschild cohomology group. Since all (K-linear) derivations on a field

K are trivial and Morita equivalent rings have isomorphic Hochschild co-

homology, all derivations on Mn(K) are inner. Note that this is a ‘global’

approach studying the space of derivations in contrast with our ‘local’ ap-

proach in which we directly work with the derivation under consideration.

For an account of the Hochschild cohomology of algebras, the reader

may refer to [8, Chapter 9]. A survey of the (continuous) Hochschild co-

homology theory of von Neumann algebras can be found in [6], [7]. The

reader may also benefit from the exposition on derivations in the context

of operator algebras in [5, Chapter 3,4].
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Abstract. Boundary conditions are constructed for torsional waves

in a layered media with sliding contact interface. Two different mod-

els of layered structure are considered: Model-I consists of a homoge-

neous layer overlaid a non-homogeneous transversely isotropic elastic

half-space, and Model-II consists of a dry sandy homogeneous layer

of finite thickness overlaid a non-homogeneous half-space. The layer

and the half-space are assumed to be in finite sliding contact and tor-

sional surface wave propagation has been studied. The sliding contact

of the layer over the half-space has been defined through a parameter

ξ ∈ [0, 1] and general dispersion equations for the torsional wave prop-

agation are derived. In both the models, the torsional waves are found

to propagate, in general, for welded contact, finite sliding contact and

smooth contact interfaces. For welded contact and finite sliding contact

interfaces, the torsional wave modes are dispersive, but for smooth slid-

ing contact interface, the fundamental mode of torsional wave is found

to be non-dispersive. For a limiting value of ξ, the general dispersion

equations for the considered Models are found to be in full agreement

with the previously derived dispersion equations by Gupta et al. [11]

and Sultana and Gupta [13] for the corresponding problems. Numeri-

cal computations have been performed to analyze the effect of sliding

parameter on the dispersion curves of torsional waves and depicted

graphically.

1. Introduction
The topic of surface waves in elastic medium is well known since long

due to their enormous applications in diverse fields such as geophysics, en-

gineering and seismology. The data collected via surface waves can also be

used to investigate the dissipative nature of the medium. The well known

books by Love [1, 4] Kolsky [15], Achenbach [14], Ewing et al. [5], Bullen

and Bolt [6] among several others contain the basic literature pertaining to

2010 Mathematics Subject Classification: 74J05, 74J15.

Key words and phrases: Torsional wave, Sliding contact, Frequency, Phase speed.

c© Indian Mathematical Society, 2019 .
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surface waves such as Rayleigh, Love and Stoneley waves. Stoneley waves

[3] propagate along the interface of two elastic solids of nearly equal densi-

ties and hence also called “interfacial waves” in the literature. Apart from

these surface waves, there are another kind of surface waves called Torsional

surface waves, in which the vibrations of the medium are rotational motions

around the direction of propagation of the wave and hence these waves are

also called twisting waves. The existence of torsional surface waves was

first shown by Meissner [2] in an inhomogeneous elastic half-space. Since

then researchers attempted to explore torsional waves by considering vari-

ous models incorporating different characteristics. Some problems notable

in the last three decades are Vardoulakis [7], Dey et al. [8], Dey et al. [9]

Georgiadis et al. [10], Gupta et al. [11], Kumari and Sharma [12], Sultana

and Gupta [13], Kumhar et al. [21] among others.

Apart from the problems of torsional surface waves in layered media

with welded contact interfaces, Vinh and Anh [16, 17, 19, 20] and Vinh et

al. [18] attempted problems of Rayleigh wave propagation in layered media

with smooth sliding contact interfaces. Vinh and his co-workers used effec-

tive boundary condition approach, in which the unknown occurring in the

layer from the boundary conditions at the interface and on the free surface

are converted in terms of the unknown of the half-space. In order to study

the Rayleigh wave in the half - space, the layer thickness is made to zero

in the derived frequency equation which, in turn, reduces to the frequency

equation of Rayleigh wave propagating in the half-space.

In the present investigation, our focus is to understand the effect of

sliding contact on torsional surface waves propagating in a layer over an in-

homogeneous elastic half-space. To understand the effect of sliding contact,

we have considered two different layered models: Model-I consists of a ho-

mogeneous elastic layer of uniform thickness lying over a non-homogeneous

transversely isotropic elastic half-space, and Model-II consists of a dry

sandy homogeneous elastic layer of uniform thickness lying over a non-

homogeneous elastic half-space. In both these models, the layer and the

half-space are taken to be in partially sliding contact, while the inhomo-

geneity of the half-space is accounted through the variations in mass den-

sity and rigidity of the half-space. To define the sliding contact between the

layer and the half-space, we have introduced a sliding parameter ξ between

the layer and the half-space. This sliding contact parameter ξ is enable
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to define smooth sliding, partial sliding and non-sliding interfaces for its

different values. The general dispersion equation corresponding to both

the Models considered has been derived, which involves the sliding param-

eter ξ. The results of some previous studies have been recovered by taking

a specific limiting value of sliding parameter ξ. Numerical computations

have been performed by taking numerical values of various parameters in

non-dimensional form and the dispersion equation of Model-I & II has been

solved using Mathematica. The results obtained have been depicted graph-

ically and the effect of parameter ξ on the dispersion curve of torsional

waves is studied.
2. Layer over a non-homogeneous transversely isotropic

elastic half-space: Model-I

With reference to the cylindrical coordinate system (r, θ, z), we con-

sider a homogeneous elastic layer L of uniform thickness h lying over a

non-homogeneous transversely isotropic elastic solid half-space H. We take

the origin O of the cylindrical coordinate system located at the interface

separating the layer and the half-space such that the z−axis is directed ver-

tically downwards into the half-space. Thus, z = 0 represents the interface

between the layer and the half-space. We shall study a two-dimensional

problem in r − z plane such that ∂
∂θ ≡ 0 and the components of displace-

ment vector u are taken as ur ≡ u = 0, uθ ≡ v(r, z, t) and uz ≡ w = 0.

The stress-displacement dynamical equation of motion without body force

density is given by
∂σrθ
∂r

+
∂σθz
∂z

+
2σrθ
r

= ρ(z)
∂2v

∂t2
, (2.1)

where the expressions of stress components σrθ and σθz are given by

σrθ = µ(z)

(
∂v

∂r
− v

r

)
, σθz = µ(z)

∂v

∂z
. (2.2)

Here µ(z) is the rigidity. With these relations, equation (2.1), yields

µ(z)

(
∂2v

∂r2
+

1

r

∂v

∂r
− v

r2

)
+

∂

∂z

(
µ(z)

∂v

∂z

)
= ρ(z)

∂2v

∂t2
. (2.3)

The layer is homogeneous elastic, therefore, the rigidity and the mass den-

sity respectively in the layer are taken as µ = µ0 and ρ = ρ0. The elastic

half-space is transversely isotropic and non-homogeneous, therefore we take

the rigidity and mass density in the half-space as N = N1(1 + αz), P =

P1(1+βz) and ρ = ρ1(1+δz), where N, and P are the directional rigidities

in the half-space; N1, P1 and ρ1 are constants; α, β and δ are constants

having the dimensions that are (length)−1.
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For a time harmonic torsional wave propagating with speed c, the dis-

placement can be taken in the form

v = V (z)J1(kr)eiωt, (2.4)

where ω = kc, ω being the angular frequency and k, the wavenumber.

The displacement in the elastic layer L is given by (see [11])

vL ≡ v(z) =
[
A1e

ηz +A2e
−ηz] J1(kr)eιωt, (2.5)

where A1 and A2 are arbitrary constants; η = k
√

1− c2

c20
and c0 =

√
µ0
ρ0

is the speed of shear wave in the layer.

Next, the displacement satisfying the radiation condition in the elastic

half-space H is given by (see [11])

vH ≡ v(z) = A3
J1(kr)

√
2MK1√

βP1
[1 + (1− 2R)p] e−p eιωt (2.6)

whereA3 is arbitrary constant, K1 = k
√

N1
P1
, c1 =

√
N1
ρ1
, p =

MK1(1 + βz)

β

and M =

[
1

β

(
α− c2

c2
1

δ

)]1/2

, R =
K1

2Mβ

[(
c2

c2
1

− 1

)
+M2

]
.

3. Dry sandy layer over a non-homogeneous elastic

half-space: Model-II

Here the layer is composed of homogeneous dry sandy material, whose

Young’s modulus of elasticity E is defined as E = 2µζ(1 + σ), µ being

the modulus of rigidity and σ is the Poisson’s ratio. The quantity ζ > 1

represents the sandiness parameter, which is such that the value ζ = 1

signifies the elastic solid. Considering the same formulation and geometry

of the problem as considered in Model-I, the stress-displacement relations

in the dry sandy layer are given by

σrθ = 2ζµ(z)

(
∂v

∂r
− v

r

)
, σθz = 2ζµ(z)

∂v

∂z
. (3.1)

With these relations, equation (2.1), yields

ζµ(z)

(
∂2v

∂r2
+

1

r

∂v

∂r
− v

r2

)
+

∂

∂z

(
ζµ(z)

∂v

∂z

)
= ρ(z)

∂2v

∂t2
. (3.2)

As earlier in Model-I, the displacement in the dry sandy layer for the tor-

sional wave propagating with velocity c is given by (see Sultana and Gupta

[13])

vL ≡ v(z) = (A1e
ιηsz +A2e

−ιηsz)J1(kr)eιωt, (3.3)
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where ηs = k

√
c2

ζc2
0

− 1 and c0 =

√
µ

ρ
is the shear wave speed in the dry

sandy layer.

Next, as in Sultana and Gupta [13], the variations in rigidity and density

of the half-space H are considered as µ = µ1(1 + γz)n, ρ = ρ1(1 + γz)n;

n(≥ 2), where γ is a constant having the dimension of (length)−1. The

relevant displacement in the inhomogeneous half-space is given by

v(z) ≡ vH = A3
W0,Q[2(klz +m)]

(1 + γz)
n
2

J1(kr)eιωt, (3.4)

where W0,Q is Whittaker’s function and

l =

√
1− c2

c2
1

, m =
kl

γ
, c1 =

√
µ1

ρ1
, Q2 =

1

4
+
n

2

(n
2
− 1
)
.

4. Boundary conditions and dispersion equation

The layer and the half-space are in sliding contact in both the models

considered. Therefore, we introduce a sliding parameter ξ (0 ≤ ξ ≤ 1) such

that (i) when ξ = 1, the layer and the half-space are in welded contact, (ii)

when ξ = 0, the layer and the half-space are in smooth contact and (iii)

when 0 < ξ < 1, the layer and the half-space are considered to be in partial

sliding contact. We shall set up the appropriate boundary conditions on

the displacements and stresses at the interface z = 0 by accounting the

sliding parameter ξ. We shall also assume that the top surface of the layer

defined by z = −h is mechanically stress free. For the considered problems

in Model-I & II, the boundary conditions are constructed as

At the interface z = 0 :

σθz|L = ξσθz|H , [(1− ξ)σθz + ξkFv]|H = ξkFv|L. (4.1)

At the boundary surface z = −h :

σθz|L = 0. (4.2)

Here F is a constant quantity having the dimension of force per unit area.

Utilizing (2.2) and (2.5) into (4.2), we obtain

µ
[
A1e

−ηh −A2e
ηh
]
J1(kr)eiωt = 0. (4.3)

Further, putting z = 0 into (2.2) and (2.5), we have the effect of layer at

the interface as

{σθz(0), v(0)}|L = {µη(A1 −A2), (A1 +A2)}J1(kr)eιωt. (4.4)

Next putting z = 0, into (2.2) and (2.6), we have the effect of the half-space

at the interface as

{σθz(0), v(0)}|H = {S1, S2}A3, (4.5)
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where

S1 =
√
P1J1(kr)

(
2MK1

β

)1/2

MK1

[
MK1

β
(2R− 1)− 2R

]
eiωte

−MK1
β ,

S2 =
1√
P1
J1(kr)

(
2MK1

β

)1/2 [
1 +

MK1

β
(1− 2R)

]
eiωte

−MK1
β .

Solving the equations given in (4.4) for A1 and A2, and then substituting

their expression into (4.3), we obtain

tanh(ηh) =
σθz(0)|L
µηv(0)|L

. (4.6)

Now using (4.5) into the boundary conditions stated in (4.1), we can obtain

the relation of the relevant components of stresses and displacement at the

interface between the layer and the half-space. Using these relations into

(4.6), we obtain

tanh(ηh) =
FξS1

µη

[
(1− ξ)
ξ

S1 + kFS2

]−1

. (4.7)

This is the general dispersion equation of torsional wave propagation for

Model-I.

Adopting the same procedure for Model-II, the general dispersion rela-

tion is obtained as

tan(ηsh) =
Fξµ1S3

ζµηs

[
(1− ξ)
ξ

µ1ζS3 + kF

]−1

, (4.8)

where S3 =
(
Q+ 1

2 −
n
2

)
γ − k lm

1+m .

4.1. Case of smooth contact interface. Here we shall discuss the case

of smooth contact interface between the layer and the half-space in Model-I

& II. The value of sliding parameter ξ = 0 corresponds to smooth contact

interface. For Model-I, substituting ξ = 0, into (4.7), the dispersion relation

yields c = c0. Thus in the case of smooth contact interface of Model-I,

the torsional waves transform into shear wave in the layer. Similarly, for

smooth contact interface in Model-II, we substitute ξ = 0 into (4.8) and

obtain c =
√
ζc0. Thus the torsional wave speed reduces to the speed of

shear wave multiplied by square root of sandiness parameter.

4.2. Case of welded contact interface. Now we shall discuss the case

of welded contact interface between the layer and the half-space in Model-I

& II. The value of sliding parameter ξ = 1 corresponds to welded contact

interface. For Model-I, on substituting ξ = 1, into (4.7), the dispersion

relation reduces to the relation given in equation (29) of the manuscript

by Gupta et al. [11]. Similarly, for welded contact interface in Model-II,

upon substituting ξ = 1, into (4.8), the dispersion relation reduces to the

relation derived by Sultana and Gupta [13] in equation (23).
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Figure 1. Model-I: Variation of phase speed ‘
c

c0
’ against wavenumber ‘kh’.

5. Numerical Results and Discussion

Here our main aim is to investigate the effect of sliding parameter on the

phase speed of torsional surface waves in the considered Models. For this

purpose, we take specific values of relevant parameters in non-dimensional

form. For Model-I, the numerical values of various parameters are taken

as: αH = 0.8, βH = 0.7, δH = 0.3,

N1

P1
= 0.9,

µ0

N1
= 0.2,

c2
0

c2
1

= 0.5,
F

µ
= 5.5 and

F

P1
= 1.0.

while for Model-II, we take the relevant numerical data as

n = 2, ζ = 1.2, γh = 0.45,
c2

0

c2
1

= 0.0449,
F

µ
= 1.0, and

F

µ1
= 0.075.

With this numerical data, the non-dimensional speed c/c0 of torsional waves

in Model-I & II have been computed from the dispersion equations (4.6)

and (4.7). The main objective is to seek the effect of sliding parameter on

the dispersion curves of torsional waves. To explore the hinderance of slid-

ing parameter ξ on the dispersion curves, we have considered three different

values of ξ, namely 1.0, 0.5, 10−9. The dispersion curves of torsional waves

for Model-I & II have been depicted through Figures 1 & 2 respectively. It

is clear from these figures that the dependence of torsional wave speed c/c0

on the dimensionless wavenumber ’kh’ is significant enough. For Model-

I, the plot of dispersion curves corresponding to welded contact (ξ = 1,

black curve), finite sliding contact (ξ = 0.5, red curve) and smooth contact
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Figure 2. Model-II: Variation of phase speed ‘ c
c0

’ against wavenumber ‘kh’.

(ξ = 0.001, blue curve) interfaces1 has been shown through Figure 1. The

curves corresponding to welded contact and finite sliding contact yield two

different behaviors. The effect of parameter ξ is found to be pronounced on

the modes occurring alternatively, while those occurring in between have

almost negligible effect of sliding parameter. We note that in case of smooth

contact interface, the torsional wave is non-dispersive, while it is dispersive

for welded contact and finite sliding contact interfaces. The non-dispersive

behavior in the case of smooth contact interface is in accordance with the

analytical result obtained in Section 4.1.

For Model-II, the dispersion curves for the first few modes of the tor-

sional waves have been plotted in Figure 2. Due to occurrence of tangent

function, there exist infinite modes of torsional wave propagation. In Fig-

ure 2, the dispersion curves in black, red, blue color correspond to respec-

tively welded contact (ξ = 1,) finite contact (ξ = 0.5,) and smooth contact

(ξ = 10−8) interfaces. The effect of parameter ξ on dispersion curves can

be noticed clearly. The fundamental mode of torsional wave is constant for

ξ = 10−8, indicating that the fundamental torsional wave is non-dispersive

for smooth contact interface. This fact is in accordance with the theoretical

result obtained in Section 4.1. The value c/c0 = 1.09 is exactly equal to the

1The value of ξ taken here for smooth contact may not correspond to perfectly smooth

contact interface. It is a small value, but not sufficiently small for declaring the perfectly

smooth contact interface. Note that it was the computational compulsion to take this

value
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Figure 3. Model-II (Welded contact interface): Effect of sandiness pa-

rameter ‘ζ’ on the dispersion curves.
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Figure 4. Model-II (Smooth contact interface): Effect of sandiness pa-

rameter ‘ζ’ on the dispersion curves.

value of
√
ζ. The higher modes for smooth contact interface has evolved due

to the presence of trigonometric function tangent in the dispersion equation

(4.8).

Figures 3 and 4 present several modes of torsional wave for three

different values of the sandiness parameter ζ, namely, 1.2, 1.3 and 1.4. In

Figure 3, the dependency of wave velocity on sandiness parameter (ζ) is
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Figure 5. Model-I: Torsional wave speed ‘ c
c0

’ against the sliding param-

eter ‘ξ’ for different values of ‘kh’ (kh = 0.5, black curve; kh = 1, red curve;

kh = 1.5, blue curve; kh = 2, magenta curve).

plotted for these considered values of ζ and the case of welded contact in-

terface (ξ = 1) has been considered. The torsional wave speed increases

with increase in the value of sandiness parameter. The fundamental mode

and all the higher modes exhibit similar behavior. In the case of smooth

contact interface (ξ = 10−10), the dispersion curves are plotted in Figure

4 for different values of considered sandiness parameter ζ, which are again

found to increase with increase in the value of sandiness parameter.

In Figures 5 and 6, the plots for torsional wave speed have been drawn

corresponding to Model-I, against the sliding parameter ξ for different val-

ues of kh. It is important to note that the torsional wave speed exists only

for peculiar range of sliding parameter. In Figure 5, we have presented the

variation of phase speed against ξ for four different values of kh, namely

0.5, 1, 1.5 and 2, (black, red, blue and magenta curves respectively). We

see that phase speed of torsional wave does not exist for two ranges of ξ

and these ranges depend on the value of kh chosen. Figure 6 shows the

variation of torsional wave speed against the sliding parameter ξ for four

different values of wavenumber kh namely 2.5, 3, 3.5 and 4, (black, red,

blue and magenta curves, respectively). The numerical results presented in

Figure 6 exhibits entirely different pattern than those presented in Figure

5.

Figure 7 shows the variation of torsional wave speed against the sliding
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Figure 6. Model-I: Torsional wave speed ‘
c

c0
’ against the sliding param-

eter ‘ξ’ for different values of ‘kh’ (kh = 2.5, black curve; kh = 3, red curve;

kh = 3.5, blue curve; kh = 4, magenta curve).
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Figure 7. Model-II: Torsional wave speed ‘ c
c0

’ against the sliding pa-

rameter ‘ξ’ for different values of ‘kh’ (kh = 0.5, black curve; kh = 1, red

curve).

parameter for different values of kh (kh = 0.5, black curve; kh = 1, red

curve) and for fixed value of sandiness parameter. In Figure 8, the plot

showing the variation of torsional wave speed against the sliding parameter

for another set of values for wavenumber kh (kh = 1.5, blue curve; kh = 2,
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Figure 8. Model-II: Torsional wave speed ‘ c
c0

’ against the sliding pa-

rameter ‘ξ’ for different values of ‘kh’ (kh = 1.5, blue curve; kh = 2, magenta

curve).

magenta curve) and for fixed value of sandiness parameter. It is seen that

the modes of torsional waves increase with increase in the value of kh and

the role of sliding parameter on the propagation of torsional wave can be

noticed.
6. Conclusions

The dispersion equations of torsional surface waves for two different

Models have been explicitly derived. In Model-I, the possibility of torsional

surface wave in homogeneous elastic layer of uniform thickness lying over

a non-homogeneous transversely isotropic elastic solid half-space is consid-

ered and in Model-II, the feasibility of torsional surface wave propagation

in dry sandy layer of uniform thickness lying over a non-homogeneous elas-

tic half-space has been explored. A general sliding contact parameter has

been introduced, which can define welded contact, partially sliding contact

and smooth contact interface between the layer and the half-space in the

considered models. General dispersion equations have been derived from

the appropriate boundary conditions at the top surface of the layer and

at the interface between the layer and the half-space. The general disper-

sion equation enables us to provide the dispersion curves of torsional waves

for welded contact, partially sliding contact and smooth contact interface

by giving specific values to the sliding parameter. For considered specific

models, the torsional wave speed corresponding to Model-I & II have been
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computed numerically, depicted graphically and discussed. Based upon the

analysis and numerical results, the following main conclusions have been

inferred.

• Torsional waves are found to propagate in both the models consid-

ered for welded contact, finite contact and smooth contact inter-

faces. However, the torsional waves are dispersive for welded con-

tact and finite sliding contact, but non-dispersive in case of smooth

contact interface. For smooth contact interface, the value of tor-

sional wave

speed c/c0 becomes unity and
√
ζ in Model -I and II respectively.

• In Model-I, the propagation of torsional waves is not allowed in

certain range of sliding parameter ξ. This range depends on the

value of kh chosen. Note that the range is found numerically only for

small values of kh, however for higher values of kh, the propagation

of torsional modes are permitted.

• In Model-II, the influence of sandiness parameter is that the mag-

nitude of torsional wave speed increases with increase in the value

of sandiness parameter.

• In both the models, the general dispersion equations for welded

contact interface reduce to those derived earlier by Gupta et al.

[11] and Sultana and Gupta [13] for the corresponding problem.
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Abstract. We evaluate here some Euler-like sums involving harmonic

numbers, odd harmonic numbers and binomial coefficients. We use

expansions for the cubic powers of logarithmic function, inverse tangent

function and inverse sine function.

1. Introduction

We use the following notations:

Hn =
n∑
k=1

1

k
; H(p)

n =
n∑
k=1

1

kp
; hn =

n∑
k=1

1

2k − 1
; h(p)n =

n∑
k=1

1

(2k − 1)p
.

Two of these can be expressed in terms of the psi or digamma function:

hn =
1

2

[
ψ

(
n+

1

2

)
−ψ

(
1

2

)]
, H(p)

n =
(−1)p−1

(p−1)!

[
ψ(p−1)(n+1)−ψ(p−1)(1)

]
,

where ψ(z) = d
dz log Γ(z) whose repeated differentiation leads to the forma-

tion of the family of polygamma functions

ψ(k)(z) =
dk

dzk
ψ(z) = (−1)k+1k!

∑∞

j=0

1

(z + j)k+1
,

with z 6= 0,−1,−2, . . . and k ∈ N.
G here denotes Catalan’s constant defined by G =

∑∞
0 (−1)n/(2n+ 1)2.

Euler sums have their origin in the correspondence between Goldbach

and Euler during 1742–3. Their correspondence culminated in a long paper

[3] by Euler wherein he recorded a general formula (§22, p.165) which can

be written as:∑∞

n=1

Hn

nm
=
m+ 2

2
ζ(m+1)− 1

2

∑m−2

k=1
ζ(m−k) ζ(k+1), m = 2, 3, 4, . . . .

For a detailed historical the reader may see the author’s joint paper with

Prof Sofo [7].

2010 Mathematics Subject Classification: 11M06, 11Y60, 33B15, 41A58, 65B10.

Key words and phrases: Euler sums, harmonic numbers, binomial coefficients,

polylogarithms.
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2. Sums via logarithmic function

Schwatt obtained this series expansion [5]

(log x)n = n!
∑∞

α0=0
(−1)α0

xα0+n

α0 + n

n−1∏
β=1

∑αβ−1

αβ=0

 1

αβ + n− β
.

with a special case for x2 < 1 :
1

6
{log(1 + x)}3 =

∑∞

n=1
(−1)n−1

[∑n

k=1

Hk

k + 1

]
xn+2

n+ 2
. (2.1)

(The special case is included in [1, p.125, 6.44.13].) (2.1) straightway gives∑∞

n=1
(−1)n−1

∑n
k=1

Hk
k+1

n+ 2
=

log3(2)

6
. Sum L1:

Dividing both sides of (2.1) by x, and then integrating from -1 to 0, we get∫ 0
−1
{log(1+x)}3

6x dx = (π4/90), which results in :∑∞

n=1

∑n
k=1

Hk
k+1

(n+ 2)2
=
π4

90
Sum L2:

And integrating from 0 to 1 we obtain∫ 1

0

{log(1+x)}3

6 x
dx=

π4

90
− 7ζ(3) log(2)

8
+
π2 log2(2)

24
− log4(2)

24
− Li4

(
1

2

)
,

where Li4(z) =
∑∞

n=1
(zn/n4), |z| ≤ 1. It yields

∞∑
n=1

(−1)n+1

∑n
k=1

Hk
k+1

(n+ 2)2
=
π4

90
− 7ζ(3) log(2)

8
+
π2 log2(2)

24
− log4(2)

24

− Li4

(
1

2

)
. Sum L3

Dividing both sides of (2.1) by x2, and then integrating from -1 to 0, we

get
∫ 0
−1
{log(1+x)}3

6x2
dx = −ζ(3), and integrating from 0 to 1, we ob-

tain
∫ 1
0
{log(1+x)}3

6x2
dx = ζ(3)

8 −
log3(2)

3 which yield the following two sums

respectively:∑∞

n=1

∑n
k=1

Hk
k+1

(n+ 1)(n+ 2)
= ζ(3). Sum L4 :

and ∑∞

n=1
(−1)n+1

∑n
k=1

Hk
k+1

(n+ 1)(n+ 2)
=
ζ(3)

8
− log3(2)

3
. Sum L5

Dividing both the sides of (2.1) by x3, and then integrating from −1 to 0,

we get
∫ 0
−1
{log(1+x)}3

6x3
dx = ζ(3)

2 + π2

12 so that∑∞

n=1

∑n
k=1

Hk
k+1

n(n+ 2)
=
ζ(3)

2
+
π2

12
. Sum L6 :
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Furthermore, integrating from 0 to 1, we get
∫ 1
0
{log(1+x)}3

6x3
dx = − ζ(3)

16 +
π2

24 −
log2(2)

2 leading to∑∞

n=1
(−1)n+1

∑n
k=1

Hk
k+1

n(n+ 2)
= −ζ(3)

16
+
π2

24
− log2(2)

2
. Sum L7

We deduce from Sum L1 and Sum L5:∑∞

n=1
(−1)n+1

∑n
k=1

Hk
k+1

n+ 1
=
ζ(3)

8
− log3(2)

6
, Sum L8

while Sum L1 and Sum L7 lead to:∑∞

n=1
(−1)n+1

∑n
k=1

Hk
k+1

n
= −ζ(3)

8
+
π2

12
− log2(2) +

log3(2)

6
. Sum L9

The two preceding sums can be combined to get:∑∞

n=1
(−1)n+1

∑n
k=1

Hk
k+1

n(n+ 1)
= −ζ(3)

4
+
π2

12
− log2(2) +

log3(2)

3
. Sum L10

And now Sum L7 and Sum L10 may be combined to obtain:∑∞

n=1
(−1)n+1

∑n
k=1

Hk
k+1

n(n+1)(n+2)
=−3ζ(3)

16
+
π2

24
−log2(2)

2
+

log3(2)

3
. Sum L11

3. Sums via inverse tangent function

Schwatt obtained this expansion [6] for −π
4 < x < π

4 with
∏0
α=1Aα = 1:

(arctanx)p=p!
∑∞

k0=1
(−1)k0−1

x2k0+p−2

2k0+p− 2

p−1∏
α=1

[∑kα−1

kα=1

1

2kα+p− α− 2

]
,

(included in [1, p.122, 6.42.3]) with a special case
1

3
(arctanx)3 = {1(1)}x

3

3
−
{

1(1) +
1

2

(
1 +

1

3

)}
x5

5

+

{
1(1) +

1

2

(
1 +

1

3

)
+

1

3

(
1 +

1

3
+

1

5

)}
x7

7
− . . .

that is,
1

3
(arctanx)3 =

∑∞

n=1
(−1)n−1

[∑n

k=1

hk
k

]
x2n+1

2n+ 1
. (3.1)

(3.1) straightway gives:∑∞

n=1
(−1)n−1

[∑n

k=1

hk
k

]
1

2n+ 1
=

π3

192
. Sum T1

Now
1

3

∫ 1

0
(arctanx)3 dx =

1

192

[
π3 + 6π2 log(2)− 48πG+ 63ζ(3)

]
.

Therefore, we deduce from (2.1) the following sum:∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

(2n+ 1)(2n+ 2)
=
π3

192
+
π2 log(2)

32
− πG

4
+

21ζ(3)

64
. Sum T2
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Dividing both sides of (3.1) by x and then integrating from 0 to 1, we get
1

3

∫ 1

0

(arctanx)3

x
dx =

π2G

16
− 1

2

∑∞

n=0

(−1)n

(2n+ 1)4
,

leading to the sum:∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

(2n+ 1)2
=
π2G

16
− 1

2

∑∞

n=0

(−1)n

(2n+ 1)4
. Sum T3

Dividing both sides of (3.1) by x2 and then integrating from 0 to 1 yields∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

2n(2n+ 1)
= − π3

192
+
π2 log(2)

32
+
πG

4
−35ζ(3)

64
. Sum T4

Again, dividing both sides of (3.1) by x3 and then integrating from 0 to 1

yields∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

(2n− 1)(2n+ 1)
=
G

2
− π

2

32
− π3

192
+
π log(2)

8
. Sum T5

We deduce from Sum T1 and Sum T2:∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

n+ 1
= −π

2 log(2)

16
+
πG

2
− 21ζ(3)

32
. Sum T6

Sum T2 and Sum T4 yield:∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

n(n+ 1)
= −7ζ(3)

16
+
π2 log(2)

8
. Sum T7

And the two preceding sums give:∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

n
=
π2 log(2)

16
+
πG

2
− 35ζ(3)

32
. Sum T8

4. Sums via inverse hyperbolic tangent function

Using the relationship i arctanhx = arctan(i x) ⇒ arctanhx

= −i arctan(i x) between arctanhx and arctanx, in (2.1), we obtain

(arctanhx)p=(−i)p p!
∑∞

k0=1
(−1)k0−1

(ix)2k0+p−2

2k0+p−2

p−1∏
α=1

kα−1∑
kα=1

1

2kα+p−α−2


that is,

(arctanhx)p = p!
∑∞

k0=1

x2k0+p−2

2k0+p−2

∏p−1

α=1

[∑kα−1

kα=1

1

2kα+p−α−2

]
. (4.1)

From (3.1), we get

1

3
{−i arctan(i x)}3 = (−i)3

∑∞

n=1
(−1)n−1

∑n
k=1

hk
k

2n+ 1
i2n+1x2n+1,

that is,
1

3
(arctanhx)3 =

∑∞

n=1

∑n
k=1

hk
k

2n+ 1
x2n+1 (4.2)

Now ∫ 1

0
{arctanh(x)}3 dx =

9ζ(3)

8
.
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Therefore, ∑∞

n=1

∑n
k=1

hk
k

(2n+ 1)(2n+ 2)
=

3ζ(3)

8
. Sum T9

Now multiply both sides of (4.2) by x and integrate that from 0 to 1. Since∫ 1
0 x{arctanh(x)}3 dx = π2

8 , we get:∑∞

n=1

∑n
k=1

hk
k

(2n+ 1)(2n+ 3)
=
π2

24
. Sum T10

Dividing both sides of (4.2) by x3 and then integrating from 0 to 1, we

obtain
∫ 1
0
{arctanh(x)}3

x3
dx = π2

4 which yields∑∞

n=1

∑n
k=1

hk
k

(2n− 1)(2n+ 1)
=
π2

12
. Sum T11

We then deduce the sum with three linear odd factors in the denominator:∑∞

n=1

∑n
k=1

hk
k

(2n− 1)(2n+ 1)(2n+ 3)
=
π2

96
. Sum T12

Since
∫ 1
0
{arctanh(x)}3

x2
dx = 3

2ζ(3), dividing (4.2) by x2 and integrating from

0 to 1 yields a neat sum:∑∞

n=1

∑n
k=1

hk
k

n(2n+ 1)
= ζ(3). Sum T13

Dividing both the sides of (4.2) by x and then integrating from 0 to 1 yields:∑∞

n=1

∑n
k=1

hk
k

(2n+ 1)2
=
π4

64
. Sum T14

We deduce from T9 and T13∑∞

n=1

∑n
k=1

hk
k

n(n+ 1)
=

7ζ(3)

4
. Sum T15

The integral
∫ 1/3
0

{arctanh(x)}3
x2

dx= 3ζ(3)
16 −

log3(2)
2 gives a fast series for ζ(3) :∑∞

n=1

∑n
k=1

hk
k

9n n(2n+ 1)
=
ζ(3)

8
− log3(2)

3
. Sum T16

And the integral
∫ 1/3
0

{arctanh(x)}3
x3

dx = π2

8 −
log3(2)

2 − 3 log2(2)
2 gives this fast

series for π :∑∞

n=1

∑n
k=1

hk
k

9n−1 (2n− 1)(2n+ 1)
=
π2

8
− log3(2)

2
− 3 log2(2)

2
. Sum T17

These integrals also give similar sums:∫ 1/3

0
x{arctanh(x)}3dx=−3 log(2) log(3)

2
+2 log2(2)− log3(2)

18
+

3

4
Li2

(
1

4

)
,
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where the polylogarithmic function (see [4]) is defined by Lin(z):=
∞∑

m=1

zm

mn
.∫ 1/3

0
x2 {arctanh(x)}3 dx = −ζ(3)

16
− log2(2) log(3)

4
− log2(2)

9
+

61 log3(2)

162

+
5

3
log 2− log(3) +

1

4
log(2) Li2

(
1

4

)
+

1

8
Li3

(
1

4

)
, and

∫ 1/3

0
{arctanh(x)}3 dx = −3ζ(3)

16
− 3 log2(2) log(3)

4
+

7

6
log3(2)

+
3

4
log(2) Li2

(
1

4

)
+

3

8
Li3

(
1

4

)
.

5. Sums via inverse sine function

We find the following series expansion in [2, p.188, Ex.1]:

1

6
(arcsinx)3=

1

2
(1)

x3

3
+

1 · 3
2 · 4

(
1+

1

32

)
x5

5
+

1 · 3 · 5
2 · 4 · 6

(
1+

1

32
+

1

52

)
x7

7
+. . .

which can be written as:∑∞

n=1

(
2n
n

)
h
(2)
n

(2n+ 1) 22n−1
x2n+1 =

(arcsinx)3

3
. (5.1)

It yields with x = 1, 1√
2
, 1
2 the following sums:

∞∑
n=1

(
2n
n

)
h
(2)
n

(2n+ 1) 22n
=
π3

48
;

∞∑
n=1

(
2n
n

)
h
(2)
n

(2n+ 1) 23n
=

√
2π3

384
;

∞∑
n=1

(
2n
n

)
h
(2)
n

(2n+ 1) 24n
=
π3

648
.

If integrate (5.1) using WolframAlpha we obtain:∫
(arcsinx)3 dx = x (arcsinx)3+3

√
1− x2 (arcsinx)2

− 6x arcsin(x)− 6
√

1− x2 + C. (5.2)

Hence,∑∞

n=1

(
2n
n

)
h
(2)
n

(2n+1)(2n+2) 22n
x2n+2=

x

6
(arcsinx)3+

1

2

√
1− x2 (arcsinx)2

− x arcsin(x)−
√

1− x2 + 1. (5.3)

It yields with x = 1, 1√
2
, 1
2 these sums:∑∞

n=1

(
2n
n

)
h
(2)
n

(2n+ 1)(2n+ 2) 22n
=
π3

48
− π

2
+ 1. (5.4)

∑∞

n=1

(
2n
n

)
h
(2)
n

(2n+ 1)(2n+ 2) 23n+1
=

√
2π3

768
+

√
2π2

64
−
√

2π

8
+ 1−

√
2

2
. (5.5)



ANALOGOUS EULER SUMS VIA LOG, ARCTAN AND ARCSINE FUNCTIONS 145

∑∞

n=1

(
2n
n

)
h
(2)
n

(2n+ 1)(2n+ 2) 24n+2
=
π3

48
+

√
3π2

144
− π

12
+ 1−

√
3

2
. (5.6)

We deduce from two of the preceding results a nice sum:∑∞

n=1

(
2n
n

)
h
(2)
n

(n+ 1) 22n
= π − 2. (5.7)

Dividing (5.1) by x, and then integrating using WolframAlpha we get a

series with quadratic factor in the denominator on LHS while RHS becomes:∫
(arcsinx)3

x
dx = − i

64

[
48Li4

(
e−2i arcsinx

)
+96i(arcsinx)Li3

(
e−2i arcsinx

)
− 96(arcsinx)2Li2

(
e−2i arcsinx

)
−16(arcsinx)4 + 64i(arcsinx)3 log

{
1−

(
e−2i arcsinx

)}
+ π4

]
+ C. (5.8)

Integration from 0 to 1 yields after simplification:∑∞

n=1

(
2n
n

)
h
(2)
n

(2n+ 1)2 22n
=

π

16

[
π2 log(2)

3
− 3 ζ(3)

2

]
. (5.9)

Dividing (5.1) by x2, and then integrating using WolframAlpha we get:∫
(arcsinx)3

x2
dx = 6Li3

(
ei arcsinx

)
− 6Li3

(
−ei arcsinx

)
+ 6i(arcsinx)Li2

(
−ei arcsinx

)
− 6i(arcsinx)Li2

(
−ei arcsinx

)
− (arcsinx)3

x
+ 3(arcsinx)2 log

{
1−

(
ei arcsinx

)}
− 3(arcsinx)2 log

{
1 +

(
ei arcsinx

)}
+ C. (5.10)

Integration from 0 to 1 yields after simplification:∑∞

n=1

(
2n
n

)
h
(2)
n

2n(2n+ 1) 22n
= πG− π3

48
− 7ζ(3)

4
. (5.11)

We then deduce from two of the earlier results:∑∞

n=1

(
2n
n

)
h
(2)
n

n 22n+1
= πG− 7ζ(3)

4
, (5.12)

resulting in a new series for ζ(3).

We divide (5.3) by x and integrate it from 0 to 1. Since
∫ 1
0 (arcsinx)3 dx =

π3

8 −3π+ 6,
∫ 1
0

(arcsinx)2
√
1−x2

x dx = 2πG− 7ζ(3)
2 −π+ 2,

∫ 1
0 arcsinx dx =

π
2 − 1 and

∫ 1
0

1−
√
1−x2
x dx = 1− log(2), therefore∑∞

n=1

(
2n
n

)
h
(2)
n

(2n+ 1)(2n+ 2)2 22n
=
π3

48
+πG− 7ζ(3)

4
− 3π

2
− log(2)+4. (5.13)

We then deduce:∑∞

n=1

(
2n
n

)
h
(2)
n

(n+ 1)2 22n
= 7ζ(3)− 4πG+ 4π + 4 log(2)− 12. (5.14)
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Abstract. In this article, we have introduced the concept of G∗-local

function of a set in a topological space with an ideal and a generalized

topology on it. We have obtained some significant properties of G∗-

local function and we have constructed some basic examples.

1. Introduction
The concept of ideal in Topological spaces was introduced by Kura-

towski ([6]) in 1930. The notion of generalized topology was introduced by

Csaszar ([2]) in 2002. Jancovic and Hamlett ([3]) have studied the concept

of local function in ideal topological spaces and obtained its significant prop-

erties. Roy and Sen ([8]) have defined the notion of G∗-open set in 2013.

We have studied G∗-local function of a set in an ideal topological space

together with a generalized topology on it and established basic properties

of it.
2. Preliminaries

We begin with the required definitions and examples.

Definition 2.1. [2] Let X be a non-empty set and let τG be a family of

subsets of X. Then τG is called a generalized topology on X if following

two conditions are satisfied viz,:
(1) φ, X ∈ τG;

(2) If Gλ ∈ τG for λ ∈ ∧ then
⋃
λ∈∧Gλ ∈ τG.

The members of the family τG are called G-open sets and their complement

are called G-closed sets in the generalized topological space (X, τG).

Definition 2.2. [2] Let τG be a generalized topology on the set X and let

A ⊆ X. Then G-interior of A is denoted by iG(A) and is defined to be

the union of all G-open sets in X contained in A. The G-closure of A is

denoted by cG(A) and is defined to be the intersection of all G-closed sets

2010 Mathematics Subject Classification: 54A05

Key words and phrases: Generalized topological spaces, Generalized Ideal topologic-

al spaces, G∗-Local function.

c© Indian Mathematical Society, 2019 .
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in X containing A.

Remark 2.1. [2] Since arbitrary union of G-open sets is a G-open set

and arbitrary intersection of G-closed sets is a G-closed sets, it follows that

iG(A) is a G-open set and cG(A) is a G-closed set. Hence iG(A) is the

largest G-open set contained in A and cG(A) is the smallest G-closed set

containing A.

Theorem 2.3. [2] Let (X, τ) be a topological space and let τG be a gener-

alized topology on X. Suppose A ⊆ X. Then,

(1) A is a G-open set iff iG(A) = A.

(2) A is a G-closed set iff cG(A) = A.

Definition 2.4. [8] Let (X, τ) be a topological space and let τG be a

generalized topology on X. Then a subset A of X is called G∗-open set if

A ⊆ cl(iG(A)).

Proposition 2.5. [8] Let (X, τ ) be a topological space with a generalized

topology τG on X. Then each G-open set is a G∗-open set.

Remark 2.2. [7] Converse of the above Proposition 2.5 is not necessary

true. Further we observe that if A( 6= φ) is a G∗-open set then iG(A) 6= φ.

Proposition 2.6. Let (X, τ) be a topological space with a generalized topol-

ogy τG on X. Let A ⊆ X. Then A is a G∗-open set iff there exists a G-open

set U in X such that U ⊆ A ⊆ cl(U).

Proof. Let A be a G∗-open set in X. Then A ⊆ cl(iG(A)). Taking U =

iG(A), we see U is a G-open set in X and U ⊆ A ⊆ cl(U).

Conversely, let A ⊆ X and let U be a G-open set in X such that U ⊆
A ⊆ cl(U). From U ⊆ A, we have U = iG(U) ⊆ iG(A) and since A ⊆ cl(U),

we find that A ⊆ cl(U) ⊆ cl(iG(A)). This implies A ⊆ cl(iG(A)). Thus A

is a G∗-open set in X. �

Proposition 2.7. [8] Let (X, τ) be a topological space and let τG be a

generalized topology on X. If {Uα}α∈∧ is any family of G∗-open sets in X,

then ∪α∈∧Uα is a G∗-open set in X.

Theorem 2.8. [7] Let (X, τ) be a topological space with a generalized

topology τG on X. Then A is a G∗-open set iff cl(A) = cl(iG(A)).

Theorem 2.9. [7] Let (X, τ) be a topological space with a generalized

topology τG on X and let A⊆X. Then A is a G∗-open set if and only if for

each x∈A then there exists a G∗-open set U in X such that x∈U⊆A.
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3. G∗-local function of a set and its properties.
In this section we have defined the notion of G∗-local function of a set

and observed its significant properties.

Definition 3.1. [6] Let I be a family of subsets of a topological space

(X, τ). Then I is called an Ideal on X if following conditions holds:

(1) (Hereditary) If A ∈ I and B ⊆ A⇒ B ∈ I,

(2) (Finite Additivity) If A ∈ I and B ∈ I ⇒ A ∪B ∈ I.

We see that I = {∅} and I = ℘(X) are ideals on any topological space

(X, τ). The Triplet (X, τ, I) is called on Ideal Topological space.

Definition 3.2. Let (X, τ, I) be an ideal topological space with a gener-

alized topology τG on X and let A ⊆ X. The set AG? = {x ∈ X : A∩U /∈ I
for each G∗-open set U containing x} is called G∗-local function of A with

respect to Ideal I and generalized topology τG on (X, τ).

Example 3.3. Let X = {l, m, n}, and let τ = {∅, X, {l,m}, {m}, {m, n}}
be the topology on X. Let τG = {φ, {l, n}, {l,m}, X} be the generalized

topology on X and let I = {∅, {l}, {n}, {l, n}} be the ideal on X. Then

the family of G∗-open sets is {φ, {l, n}, {l,m}, X}. We see that G∗-local

function of each subsets of X are as follows:

(1) ∅G? = ∅. (2) {l}G? = ∅. (3) {m}G? = {m}.
(4) {n}G? = φ. (5) {l, m}G? = {m}. (6) {l, n}G? = φ.

(7) {m, n}G? = {m}. (8) X? = {m}.

In the following example we observe that neither a set is contained in

its G∗-local function nor a G∗-local function of set is contained in the set.

Example 3.4. Let X = {l1, l2, l3, l4} be the ideal topological space with

respect to topology τ = {∅, X, {l2}, {l1, l2}, {l2, l3}, {l1, l2, l3}} and ideal

I = {∅, {l1}, {l3}, {l1, l3}} on X. Consider the generalized topology

τG = {φ, {l1, l4}, {l2, l4}, {l1, l2, l4}, X} on X. Then family of G∗-open

sets is {φ, {l1, l4}, {l2, l4}, {l1, l2, l4}, {l2, l3, l4}, X}. Let us consider

L = {l1, l2} then LG? = {l2, l3}. We see that neither L ⊆ LG? nor LG? ⊆ L.

Theorem 3.5. Let (X, τ, I) be an ideal topological space with generalized

topology τG on X and let L, M be subsets of X. Then

(1) L⊆M⇒ LG?⊆MG?.

(2) (LG?)
G?⊆ LG?.

(3) (L∪M)G?⊇ LG?∪MG?.
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Proof. (1) Suppose x ∈ LG? and if possible assume that x /∈ MG?.

Then there exists a G∗-open set W in X such that x ∈ W and

W ∩M ∈ I. This implies W ∩L ∈ I, as I is an ideal on X. This is

a contradiction because x ∈ LG?. Therefore we must have x ∈MG?.

Hence LG?⊆MG?.

(2) Suppose x∈(LG?)
G?

. Let W be a G∗-open set containing x. Then

we have W∩LG? /∈I. As ∅ ∈ I, we find that W∩LG? 6=∅. Let us take

y∈W∩LG?. Then y ∈ W and y ∈ LG?. Now y ∈ LG? implies that

W ∩ L /∈ I. Thus for each G∗-open set containing x, we find that

W ∩ L /∈ I. Therefore x∈LG?. Hence (LG?)
G? ⊆ LG?.

(3) Since L ⊆ L ∪M , from (i) we get LG? ⊆ (L ∪M)G?. Similarly,

MG? ⊆ (L ∪M)G?. Thus, we get that LG? ∪MG?⊆(L∪M)G?.
�

Example 3.6. Let X = {l1, l2, l3, l4} be the ideal topological space with

respect to topology τ = {∅, X, {l1}, {l2}, {l1, l2}, {l2, l3}, {l1, l2, l3}} and

ideal I = {∅, {l4}} on X. Consider the generalized topology {τ}G =

{φ, {l3}, {l1, l4}, {l3, l4}, {l1, l2, l4}, {l1, l3, l4}, X} on X. Then collection of

G∗-open sets is {φ, {l3}, {l1, l4}, {l3, l4}, {l1, l2, l4}, {l1, l3, l4}, X}. Let us

consider L = {l1} and M = {l3} so, N = L ∪ M = {l1, l3}. Then

LG? = {l1, l2}, MG? = {l3} and NG? = X. We see that LG? 6= NG?

and (L ∪M)G? 6= LG? ∪MG?.

Theorem 3.7. Let (X, τ) be a topological space with generalized topology

τG on X and let I, J be two ideals on set X such that I ⊆ J . Then for

any subset L ⊆ X, LG?(J) ⊆ LG?(I).

Proof. Let (X, τ) be a topological space with generalized topology τG on

X and let I, J be two ideals on set X such that I ⊆ J . Suppose L ⊆ X.

Let l∈LG?(J) and let W be a G∗-open set containing l with the property

L∩W /∈J . As I⊆J we find that L∩W /∈I. This implies l∈LG?(I). Hence we

deduce that LG?(J)⊆LG?(I). �

Example 3.8. Let X = {l1, l2, l3, l4} be the topological space with respect

to topology τ = {φ, {l1, l2}, {l1, l2, l3}, {l1, l2, l4}, X}. Consider gener-

alized topology τG = {φ, {l2, l3}, {l3, l4}, {l2, l3, l4}, X}. Then the family

of G∗-open sets is {φ, {l2, l3}, {l3, l4}, {l1, l2, l3}, {l2, l3, l4}, X}. Let

us consider ideals I1 = {∅, {l4}} and I2 = {∅, {l3}, {l4}, {l3, l4}} on X.

For L = {l3}, we have LG?(I1) = X and LG?(I2) = ∅. Thus we see that

LG?(I1) 6= LG?(I2)
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Theorem 3.9. Let (X, τ) be a topological space with generalized topology

τG on X and I, J be ideals on X. Then LG?(I ∩ J) ⊇ LG?(I) ∪ LG?(J).

Proof. Since I ∩ J ⊆ I, from Theorem 3.7, we have LG?(I) ⊆ LG?(I ∩ J).

Also LG?(J) ⊆ LG?(I∩J). This implies LG?(I)∪LG?(J) ⊆ LG?(I∩J). �

Proposition 3.10. Let (X, τ, I) be an ideal topological space with general-

ized topology τG on X. If I =℘(X) is the ideal on X, then LG?=∅, for each

subset L of X.

Proof. Let L ⊆ X and let W be an G∗-open set in X containing the point

l, l ∈ X such that W ∩ L = V (say), since I = ℘(X), V ∈ I. This

means l /∈ LG?. Hence no point of X can belong to LG?. Thus LG? = ∅. �

Theorem 3.11. Let (X, τ, I) be an ideal topological space with generalized

topology τG on X. Then each non-empty G∗-open set in X can not lie in

I iff XG? = X.

Proof. Let (X, τ, I) be an ideal topological space with generalized topology

τG on X and each non-empty G∗-open set in X can not lie in I. Let l ∈ X
and W be a G∗-open set containing l in X. Then W ∩ X = W . Since

W 6= ∅, we have W /∈ I. Thus l ∈ XG?, l is arbitrary element of X.

Therefore XG? = X.

Conversely suppose XG? = X. Let W be a non-empty G∗-open set.

Then there exits l ∈ X = XG?, such that l ∈W . This means W is G∗-open

set containing l. Now by definition of XG?, W ∩X = W /∈ I. Thus, each

non-empty G∗-open set in X can not lie in I.

Let {X, τ, I} be an ideal topological space and let τG be a generalized

topology on it. For A ⊆ X, we define clG
∗
(A) = A ∪ AG?, where AG? is

the G∗-local function of set A. In the following result we have established

some properties of the set clG
∗
(A). �

Theorem 3.12. Let (X, τ, I) be an ideal topological space with generalized

topology τG on X. Let L, M ⊆ X,
(1) If L ⊆M then clG

∗
(L) ⊆ clG∗

(M).

(2) clG
∗
(clG

∗
(L)) ⊇ clG∗

(L).

(3) clG
∗
(L ∪M) ⊇ clG∗

(L) ∪ clG∗
(M).

(4) clG
∗
(L ∩M) ⊆ clG∗

(L) ∩ clG∗
(M).

Proof. (1) Since L ⊆ M , from Theorem 3.5, we have LG? ⊆ MG?.

This implies clG∗(L) = L ∪ LG? ⊆ M ∪MG? = clG
∗
(M). Hence

clG
∗
(L) ⊆ clG∗

(M).
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(2) We have, clG
∗
(clG

∗
(L)) = clG

∗
(L∪LG?) = L∪LG?∪(L ∪ LG?)G? ⊇

L∪LG?∪LG?∪(LG?)
G? ⊇ L∪LG?∪LG?∪LG? = L∪LG? = clG

∗
(L).

Thus, clG
∗
(clG

∗
(L)) ⊇ clG∗

(L).

(3) Since clG
∗
(L∪M) = (L∪M)∪ (L ∪M)G? ⊇ L∪M ∪LG?∪MG? =

clG
∗
(L)∪clG∗

(M) (from Definition 3.1). This implies clG
∗
(L∪M) ⊇

clG
∗
(L) ∪ clG∗

(M).

(4) Since L ∩M ⊆ L and L ∩M ⊆ M . From Theorem 3.5, we have,

(L ∩M)G? ⊆ LG? and (L ∩M)G? ⊆ MG?. This implies, clG
∗
(L ∩

M) ⊆ clG∗
(L) ∩ clG∗

(M).
�

Example 3.13. Let X = {l1, l2, l3, l4} be the ideal topological space with

respect to topology τ = {∅, X, {l1}, {l2}, {l1, l2}, {l2, l3}, {l1, l2, l3}} and

ideal I = {∅, {l4}} on X. Consider the generalized topology τG = {φ, {l3},
{l1, l4}, {l3, l4}, {l1, l2, l4}, {l1, l3, l4}, X} on X. Then family of G∗-open

sets is {φ, {l3}, {l1, l4}, {l3, l4}, {l1, l3, l4}, {l1, l2, l4}, X}. Let us consider

L = {l1} and M = {l3} so, N = L ∪M = {l1, l3}. Then LG? = {l1, l2},
MG? = {l3} and NG? = X. Therefore, clG?(L) = {l1, l2}, clG?(M) = {l3}
and clG?(N) = X.
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MANIFOLDS
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Abstract. In the present paper ∗-Ricci tensor on a three-dimensional

trans-Sasakian manifold has been studied. A necessary and sufficient

condition for a three-dimensional trans-Sasakian manifold to be φ-

Einstein has been deduced. Three-dimensional trans-Sasakian mani-

folds admitting ∗-Ricci tensor have also been considered. An illustra-

tive example has been given.

1. Introduction

The revolutionary concept of Ricci flow was introduced by Hamilton

[13]. The notion of Ricci flow was used by Perelman[17] to prove the famous

‘Poincare Conjecture’. A self similar solution of Ricci flow is known as

Ricci soliton. The study of Ricci solitons in the context of almost contact

or contact geometry was first done by Sharma [19]. In the theory of Ricci

solitons the Ricci curvature plays pivotal role. Generalizing the concept of

Ricci tensor, Tachibana [20] introduced the notion of ∗-Ricci tensor. ∗-Ricci

tensor has also been studied in the paper [12].

A manifold is called Einstein if its Ricci tensor is a constant multiple of

the metric tensor. A Ricci soliton is a generalization of Einstein manifold.

A manifold is called Ricci soliton if for a vector field V and a constant λ

its Ricci tensor satisfies

(£V g)(X,Y ) + 2S(X,Y ) + 2λg(X,Y ) = 0,

where £ is Lie derivative, X,Y are arbitrary vector fields on the manifold,

S is Ricci tensor, g is metric tensor. Using the ∗-Ricci tensor, instead

of Ricci tensor, analogus concept of ∗-Ricci soliton has been defined. For

details see [5], [15], [23]. Using the concept of ∗-Ricci tensor, A. Ghosh

* The second author is financially supported by UGC, Ref. ID. 423044.

2010 Mathematics Subject Classification: 53C15, 53D25.

Key words and phrases: Trans-Sasakian manifolds, ∗-Ricci tensor, φ-Einstein

manifold, ∗-Ricci soliton.
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and D. S. Patra [9] studied ∗-Ricci soliton on Sasakian and (κ, µ) contact

manifolds. In the papers [21] and [22] further studies on ∗-Ricci tensor and

∗-Ricci soliton have been done.

The theory of trans-Sasakian structure was developed in [2] and [16].

Trans-Sasakian manifolds have been further studied in the papers [6] and

[14]. In the present paper we would like to study ∗-Ricci soliton on trans-

Sasakian manifolds.

The present paper is organized as follows. After the introduction we

mention some required preliminaries in Section 2. In Section 3, we deduce

some characteristic properties of ∗-Ricci tensor of three dimensional trans-

Sasakian manifolds. In this section we also study weakly φ-Einstein trans-

Sasakian manifolds. In Section 4, we obtain some interesting results on

three dimensional trans-Sasakian manifolds admitting ∗-Ricci soliton. The

last section contains an example.

2. Preliminaries

Let (M,φ, ξ, η, g) be a three dimensional almost contact metric mani-

fold, where φ is a (1, 1)-tensor field, ξ a unit vector field, η a smooth 1-form

and g is a compatible Riemannian metric satisfying [1]

φ2 = −I + η ⊗ ξ, η(ξ) = 1, (2.1)

g(φX, φY ) = g(X,Y )− η(X)η(Y ), φξ = 0, η ◦ φ = 0, (2.2)

g(X,φY ) = −g(φX, Y ), g(X, ξ) = η(X), (2.3)

for all X,Y ∈ X(M), where X(M) is the Lie algebra of smooth vector fields

on M .

An almost contact metric structure (φ, ξ, η, g) on a manifold M is called

a trans-Sasakian structure [16] if (M×R, J,G) belongs to the classW4 [10],

where J is the almost complex structure on M × R defined by

J

(
X, f

d

dt

)
=

(
φX − fξ, η(X)

d

dt

)
, (2.4)

for any X ∈ X(M), f is a smooth function on M ×R and G is the product

metric on M × R. This may be expressed by the condition [2]

(∇Xφ)Y = α{g(X,Y )ξ − η(Y )X}+ β{g(φX, Y )ξ − η(Y )φX}, (2.5)

for smooth functions α and β on M , and the trans-Sasakian structure is

said to be of type (α, β).

From (2.5) it follows that

∇Xξ = −αφX + β{X − η(X)ξ}, (2.6)

(∇Xη)Y = −αg(φX, Y ) + βg(φX, φY ). (2.7)

From [7] we know that for a three dimensional trans-Sasakian manifold
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2αβ + ξ(α) = 0, (2.8)

S(X, ξ) = {2(α2 − β2)− ξβ}η(X)−Xβ − (φX)α, (2.9)

S(X,Y ) =
{r

2
+ξβ−(α2−β2)

}
g(X,Y )−

{r
2

+ξβ−3(α2−β2)
}
η(X)η(Y )

− {Y β + (φY )α} η(X)− {Xβ + (φX)α} η(Y ), (2.10)

R(X,Y )ξ = (α2 − β2){η(Y )X − η(X)Y }+ 2αβ{η(Y )φX − η(X)φY }

− (Xα)φY + (Y α)φX + (Xβ)Y − (Xβ)η(Y )ξ

− (Y β)X + (Y β)η(X)ξ, (2.11)

where S is the Ricci tensor, R is the curvature tensor and r is the scalar

curvature of the manifold M .

From (2.11) we have

η(R(X,Y )Z) = (α2−β2){η(X)g(Y, Z)−η(Y )g(X,Z)}

+2αβ{η(X)g(φY,Z)−η(Y )g(φX,Z)}

+(Xα) g(φY,Z)−(Y α) g(φX,Z)− (Xβ)g(Y,Z)

+(Xβ)η(Y )η(Z)+ (Y β)g(X,Z)−(Y β)η(X)η(Z). (2.12)

3. ∗-Ricci tensor on trans-Sasakian manifolds

The ∗-Ricci tensor and ∗-scalar curvature on an almost contact manifold

(M,φ, ξ, η, g) of dimension (2n+ 1) are respectively defined by

S∗(X,Y ) =
∑2n+1

i=1
R(X, ei, φei, φY ), r∗ =

∑2n+1

n=1
S∗(ei, ei), (3.1)

for all X,Y ∈ χ(M), where e1, e2, · · · , e2n+1 is an orthonormal basis of

tangent space TM and R(X,Y, Z,W ) = g(R(X,Y )Z,W ).

From (3.1) it can be written

S∗(X,Y ) =
∑2n+1

i=1
R(φY, φei, ei, X). (3.2)

Lemma 3.1. In a trans-Sasakian manifold, the following relations hold

i). R(X,Y )φZ= φ(R(X,Y )Z) + (Xα){g(Y,Z)ξ − η(Z)Y } −

(Y α){g(X,Z)ξ − η(Z)X}+ (Xβ){g(φY,Z)ξ − η(Z)φY } −

(Y β){g(φX,Z)ξ − η(Z)φX}+ (α2 − β2){g(X,Z)φY −

g(Y, Z)φX + g(φX,Z)Y − g(φY,Z)X}+

2αβ{g(Y,Z)X−g(X,Z)Y−g(φY,Z)φX+g(φX,Z)φY }. (3.3)

ii). R(φX, φY )Z = R(X,Y )Z + (Zα){η(Y )φX − η(X)φY }+

(Dα){g(φY,Z)η(X)−g(φX,Z)η(Y )}+(Zβ){η(Y )X−η(X)Y }

+(Dβ){g(Y,Z)η(X)− g(X,Z)η(Y )}+



156 AVIJIT SARKAR AND GOUR GOPAL BISWAS

(α2−β2){g(X,Z)Y−g(Y,Z)X−g(φX,Z)φY+ g(φY,Z)φX}

+2αβ{g(Y,Z)φX−g(X,Z)φY+g(φY,Z)X−g(φX,Z)Y }, (3.4)

where D is the gradient operator.

Proof. From (2.5) we have

∇Y (φZ)=α{g(Y,Z)ξ−η(Z)Y }+β{g(φY,Z)ξ−η(Z)φY }+φ(∇Y Z). (3.5)

Differentiating covariantly (3.5) along the vector field X and using (2.6) we

get

∇X∇Y (φZ)=(Xα){g(Y,Z)ξ−η(Z)Y }+α(∇Xg(Y,Z))ξ

+ g(Y,Z)(−αφX−βφ2X)−(∇Xη(Z))Y−η(Z)∇XY }

+ (Xβ){g(φY,Z)ξ−η(Z)φY }+β{g(∇XφY,Z)ξ

+ g(φY,∇XZ)ξ+g(φY,Z)(−αφX−βφ2X)

− (∇Xη(Z))φY−η(Z)∇X(φY )}+α{g(X,∇Y Z)ξ

−η(∇Y Z)X}+β{g(φX,∇Y Z)ξ−η(∇Y Z)φX}+φ(∇X∇Y Z). (3.6)

Interchanging X and Y in the above equation, we obtain

∇Y∇X(φZ)=(Y α){g(X,Z)ξ − η(Z)X}+ α{(∇Y g(X,Z))ξ

+ g(X,Z)(−αφY − βφ2Y )− (∇Y η(Z))X − η(Z)∇YX}

+ (Y β){g(φX,Z)ξ − η(Z)φX}+ β{g(∇Y φX,Z)ξ

+ g(φX,∇Y Z)ξ + g(φX,Z)(−αφY − βφ2Y )

− (∇Y η(Z))φX − η(Z)∇Y (φX)}+ α{g(Y,∇XZ)ξ

− η(∇XZ)Y }+β{g(φY,∇XZ)ξ−η(∇XZ)φY }+φ(∇Y∇XZ). (3.7)

From (3.5), we have

∇[X,Y ](φZ) = α{g(∇XY, Z)ξ − g(∇YX,Z)ξ − η(Z)∇XY

+ η(Z)∇YX}+ β{g(φ∇XY,Z)ξ − g(φ∇YX,Z)ξ

− η(Z)φ∇XY + η(Z)φ∇YX}+ φ(∇[X,Y ]Z). (3.8)

From (3.6), (3.7) and (3.8) we have

R(X,Y )φZ = φ(R(X,Y )Z) + (Xα){g(Y,Z)ξ − η(Z)Y } −

(Y α){g(X,Z)ξ − η(Z)X}+ (Xβ){g(φY,Z)ξ − η(Z)φY }

= (Y β){g(φX,Z)ξ − η(Z)φX}+ (α2 − β2)×

{g(X,Z)φY − g(Y,Z)φX + g(φX,Z)Y − g(φY,Z)X}

+ 2αβ {g(Y, Z)X − g(X,Z)Y − g(φY,Z)φX + g(φX,Z)φY }.
Now, from (3.3) we have
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g(R(X,Y )φZ, φW )=g(φ(R(X,Y )Z), φW )− (Xα)η(Z)g(Y, φW )

+ (Y α)η(Z)g(X,φW )− (Xβ)η(Z)g(φY, φW )

+ (Y β)η(Z)g(φX, φW )

+ (α2 − β2){g(X,Z)g(φY, φW )− g(Y, Z)g(φX, φW )

+ g(φX,Z)g(Y, φW )− g(φY,Z)g(X,φW )}

+ 2αβ {g(Y, Z)g(X,φW )− g(X,Z)g(Y, φW )

− g(φY,Z)g(φX, φW ) + g(φX,Z)g(φY, φW )}. (3.9)

Using (2.12), in the above equation, we get

g(R(φZ, φW )X,Y ) = g(R(Z,W )X,Y )

+ (Xα){g(Y, φZ)η(W )− g(Y, φW )η(Z)}

+ (Y α){g(X,φW )η(Z)− g(X,φZ)η(W )}

+ (Xβ){η(W )g(Z, Y )− η(Z)g(W,Y )}

+ (Y β){g(W,X)η(Z)− g(Z,X)η(W )}

+ (α2 − β2){g(Z,X)g(W,Y )− g(W,X)g(Z, Y )

− g(φZ,X)g(φW, Y ) + g(φW,X)g(φZ, Y )}

+ 2αβ {g(W,X)g(φZ, Y )− g(Z,X)g(φW, Y )

+ g(φW,X)g(Z, Y )− g(φZ,X)g(W,Y )}.
From the above equation we get (3.4). �

Theorem 3.1. In a 3-dimensional trans-Sasakian manifold M , ∗-Ricci

tensor is given by

S∗(X,Y ) = S(X,Y ) + η(Y ){(φX)α+Xβ}+ (ξβ) g(X,Y )

− (α2 − β2){g(X,Y ) + η(X)η(Y )}. (3.10)

Proof. Contracting the equation (3.4) we get∑3

i=1
R(φX, φei, ei,W ) = S(W,X) + η(X){(φW )α+Wβ}

+ (ξβ)g(X,W ) + (ξα+ 2αβ)g(φX,W )

− (α2 − β2){g(W,X) + η(W )η(X)}, (3.11)

where {ei}, i = 1, 2, 3 is an orthonormal basis of tangent space with e3 = ξ,

at any point of the manifold. From (2.8) and (3.2) we obtain

S∗(W,X) = S(W,X) + η(X){(φW )α+Wβ}+ (ξβ)g(W,X)

− (α2 − β2){g(W,X) + η(W )η(X)},
which proves the theorem. �
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Definition 3.1. An almost contact metric manifold M is said to be weakly

φ-Einstein [3] if Sφ(X,Y ) = γgφ(X,Y ), for all vector fields X,Y on M ,

for some function γ on M . Here Sφ(X,Y ) denotes the symmetric part of

S∗(X,Y ), that is,

Sφ(X,Y ) = (1/2){S∗(X,Y ) + S∗(Y,X)}, (3.12)

and gφ(X,Y ) = g(φX, φY ), for all vector fields X,Y on M .

Theorem 3.2. Let M be a three dimensional trans-Sasakian manifold

of type (α, β). Then M is ∗-η-Einstein and weakly φ-Einstein, provided

gradβ = φ(gradα).

Proof. Suppose gradβ = φ(gradα). Then (φX)α +Xβ = 0, for all vector

fields X on M . Consequently ξβ = 0. Putting (2.10) in (3.10) and using

(φX)α+Xβ = 0 and ξβ = 0, we obtain

S∗(X,Y ) = γg(X,Y )− γη(X)η(Y ), (3.13)

where γ = r
2 − 2(α2 − β2) is a smooth function, showing that M is ∗-η-

Einstein. Next, from (2.2) we have S∗(X,Y ) = γg(φX, φY ). Also Sφ =

S∗. Hence M is weakly φ-Einstein. �

Theorem 3.3. Let M(φ, ξ, η, g) be a three dimensional trans-Sasakian

manifold of type (α, β). Then M is weakly φ-Einstein if and only if

gradβ − φ(gradα) = (ξβ)ξ.

Proof. Suppose M is weakly φ-Einstein. From (3.10) and (3.12), we have

S(X,Y ) + (1/2)η(Y ){(φX)α+Xβ}+ (1/2)η(X){(φY )α+ Y β}+

(ξβ) g(X,Y )−(α2−β2){g(X,Y )+η(X)η(Y )}= γg(φX, φY ), (3.14)

for some function γ on M . Substituting Y = ξ and using (2.9), we get

(φX)α+Xβ − (ξβ)η(X) = 0. This implies, gradβ − φ(gradα) = (ξβ)ξ.

Conversely from (3.10) and (2.10) we get

S∗(X,Y ) =
{r

2
+ 2ξβ − 2(α2 − β2)

}
g(X,Y )

−
{r

2
+ 2ξβ − 2(α2 − β2)

}
η(X)η(Y ).

Also S∗ = Sφ. From above we get Sφ(X,Y ) = δg(φX, φY ) for all vector

fields X,Y on M , where δ = r
2 + 2ξβ − 2(α2 − β2) is a smooth function on

M . Hence M is φ-Einstein. �

From [24], it is known that on a trans-Sasakian 3-manifold of type

(α, β), following three conditions are equivalent :

i) The Reeb vector field is minimal or harmonic.

ii) The following equation holds: φ(gradα)− gradβ + (ξβ)ξ = 0.
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iii) The Reeb vector field is an eigen vector field of the Ricci operator.

Hence from Theorem 3.3, we get the following corollary.

Corollary 3.1. If M(φ, ξ, η, g) is a three dimensional trans-Sasakian man-

ifold of type (α, β), then the following conditions are equivalent :

i) M is weakly φ-Einstein.

ii) The Reeb vector field is minimal or harmonic.

iii) The following equation holds : φ(gradα)− gradβ + (ξβ)ξ = 0.

iv) The Reeb vector field is an eigen vector field of the Ricci operator.

4. Three dimensional trans-Sasakian manifolds

admitting ∗-Ricci solitons

A Riemannian metric g, defined on a smooth manifold M is called Ricci

soliton if there exists a vector field V and a constant λ such that

(£V g)(X,Y ) + 2S(X,Y ) + 2λg(X,Y ) = 0 (4.1)

where £ is Lie derivative and X,Y are arbitrary vector fields on the man-

ifold.

The notion of ∗-Ricci soliton was introduced by George and Konstantina[8],

in 2014, where they essentially modified the definition of Ricci soliton by

replacing the Ricci tensor in (4.1) with ∗-Ricci tensor.

Definition 4.1. A Riemannian metric g, defined on a smooth manifold

M , is called ∗-Ricci soliton if there exists a vector field V and a constant

λ such that

(£V g)(X,Y ) + 2S∗(X,Y ) + 2λg(X,Y ) = 0 (4.2)

for all vector fields X,Y on M .

If λ in the equation (4.2) is a smooth function, then we say that it is

an almost ∗-Ricci soliton. Moreover, if V = Df , for some smooth function

on M , then we say that it is a gradient almost ∗-Ricci soliton.

Lemma 4.1. Let M(φ, ξ, η, g) be a three dimensional trans-Sasakian

manifold. If g is a ∗-Ricci solition then,

(φX)α+Xβ = (ξβ)η(X). (4.3)

Proof. Interchanging X and Y in (4.2), we have

(£V g)(Y,X) + 2S∗(Y,X) + 2λg(Y,X) = 0. (4.4)

Subtracting (4.4) from (4.2) and using (3.10), we obtain

η(Y ){(φX)α+Xβ} − η(X){(φY )α+ Y β} = 0.

Putting Y = ξ in the above equation, we get the result. �
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Definition 4.2. In an almost contact Riemannian manifold, if the Ricci

tensor S satisfies S = ag+ bη⊗ η, for some smooth functions a and b, then

it is called η-Einstein manifold.

Theorem 4.1. If the metric g of a three dimensional trans-Sasakian man-

ifold M(φ, ξ, η, g) is a ∗-Ricci soliton with potential vector field V , then

(i) M is an η-Einstein manifold, (ii) V is Jacobi along geodesic of ξ.

Proof. Putting (4.3) in (2.10), we get

S(X,Y ) =
{

(r/2) + ξβ − (α2 − β2)
}
g(X,Y )

−
{

(r/2) + 3ξβ − 3(α2 − β2)
}
η(X)η(Y ). (4.5)

This implies that M is η-Einstein manifold. From (3.10), (4.5) and (4.3),

the ∗-Ricci soliton equation (4.2) can be expressed as

(£V g)(X,Y ) = −2f{g(X,Y )− η(X)η(Y )} − 2λg(X,Y ) (4.6)

for all vectors field X,Y on M , where f = (r/2) + 2ξβ − 2(α2 − β2) is a

smooth function. Differentiating (4.6) covariantly along an arbitrary vector

field Z on M and then using (2.7) we obtain

(∇Z£V g)(X,Y )=−2(Zf){g(X,Y )−η(X)η(Y )}+

2f
(
α{g(φX,Z)η(Y ) + g(φY,Z)η(X)}+

β{g(X,Z)η(Y )+g(Y, Z)η(X)−2η(X)η(Y )η(Z)}
)
. (4.7)

From Yano [25], we know the following well known commutation formula :

(£V∇Xg −∇X£V g −∇[V,X]g)(Y, Z) = −g((£V∇)(X,Y ), Z)

− g((£V∇)(X,Z), Y ).

The above equation gives

(∇X£V g)(Y,Z) = g((£V∇)(X,Y ), Z) + g((£V∇)(X,Z), Y ). (4.8)

As £V∇ is a symmetric, from (4.8) it follows that

g((£V∇)(X,Y ), Z) = (1/2)(∇X£V g)(Y,Z) + (1/2)(∇Y £V g)(X,Z)

− (1/2)(∇Z£V g)(X,Y ). (4.9)

Using (4.7) in (4.9)

g((£V∇)(X,Y ), Z) = (Zf){g(X,Y )− η(X)η(Y )}

− (Xf){g(Y,Z)− η(Y )η(Z)}

− (Y f){g(Z,X)− η(Z)η(X)}

+ 2f
(
α{g(X,φZ)η(Y ) + g(Y, φZ)η(X)}

+ β{g(X,Y )− η(X)η(Y )}η(Z)
)
.

Substituting X = Y = ξ in the above equation, we have
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(£V∇)(ξ, ξ) = 0. (4.10)

Now putting X = Y = ξ in the identity (£V∇)(X,Y ) = R(V,X)Y +

∇X∇Y V −∇∇XY V and using (4.10), we obtain R(V, ξ)ξ +∇ξ∇ξV = 0.

This proves (ii) and the theorem is proved. �

Theorem 4.2. Let M(φ, ξ, η, g) be a three dimensional compact trans-

Sasakian manifold. If g is a ∗-Ricci solition then, it is a α-Sasakian man-

ifold.

Proof. By previous Lemma, we have

Xβ + g(Dα, φX)− (ξβ)η(X) = 0. (4.11)

Differentiating (4.11) covariantly along Y , we get

Y (Xβ)− (∇YX)β + g(∇YDα, φX) + g(Dα, (∇Y φ)X)

− (ξβ)(∇Y η)X − η(X)(Y (ξβ)) = 0.

By antisymmetrization with respect to X and Y in the above equation, we

have

g(∇YDα, φX)− g(∇XDα, φY ) + g(Dα, (∇Y φ)X)− g(Dα, (∇Xφ)Y )

− (ξβ){(∇Y η)X − (∇Xη)Y } − η(X)(Y (ξβ)) + η(Y )(X(ξβ)) = 0. (4.12)

Let {e1, e2, e3} be an orthonormal φ-basis where φe1 = −e2, φe2 = e1 and

e3 = ξ. Taking X = e1 and Y = e2 in (4.12), we obtain

g(∇e1Dα, e1) + g(∇e2Dα, e2) = 2α(ξβ) + 2β(ξα). (4.13)

From (2.8), g(Dα, ξ) = −2αβ. Differentiating covariantly along ξ and

using ∇ξξ = 0, we get

g(∇ξDα, ξ) = −2α(ξβ)− 2β(ξα). (4.14)

From (4.13) and (4.14), we have ∆α = 0, where ∆ is the Laplacian operator.

Since M is compact, α is constant. If α 6= 0, (2.8) implies β = 0. This

prove that M is α-Sasakian. �

5. Example

We Consider three dimensional manifold M = {(x, y, z) ∈ R3 : z 6= 0},
where (x, y, z) are the standard co-ordinates in R3. The vector fields e1 =

z2 ∂
∂x , e2 = z2 ∂

∂y , e3 = ∂
∂z are linearly independent at each point of M .

Define the almost contact structure (φ, ξ, η) on M by

φ(e1) = e2, φ(e2) = −e1, φ(e3) = 0, ξ = e3, η = dz.

Let g be the Riemannian metric such that {e1, e2, e3} is a orthonormal

frame. Then (φ, ξ, η, g) defines an almost contact metric structure on M .

The Riemannian connection ∇ is given by the Koszul’s formula:
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2g(∇XY,Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y ) + g([X,Y ], Z)

− g([Y,Z], X) + g([Z,X], Y ).

By Koszul’s formula

∇e1e1 = 2
z e3, ∇e1e2 = 0, ∇e1e3 = −2

z e1,

∇e2e1 = 0, ∇e2e2 = 2
z e3, ∇e2e3 = −2

z e2,

∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0.

From above we see that (∇Xφ)Y = −2
z{g(φX, Y )ξ − η(Y )φX}, for all

X,Y ∈ χ(M). Hence M is a trans-Sasakian manifold of type (0,−2
z ). Here

α = 0, β = −2
z .

The components of curvature tensor R(X,Y )Z are

R(e1, e2)e1 = 4
z2
e2, R(e1, e2)e2 = − 4

z2
e1, R(e1, e2)e3 = 0,

R(e1, e3)e1 = 6
z2
e3, R(e1, e3)e2 = 0, R(e1, e3)e3 = − 6

z2
e1,

R(e2, e3)e1 = 0, R(e2, e3)e2 = 6
z2
e3, R(e2, e3)e3 = − 6

z2
e2.

From the above expressions of curvature tensor we obtain

S(e1, e1) = −10
z2
, S(e2, e2) = −10

z2
, S(e3, e3) = −12

z2
, and

S(e1, e2) = S(e2, e3) = S(e3, e1) = 0.

Then using linearity of S we have S(X,Y ) = −10
z2
g(X,Y ) − 2

z2
η(X)η(Y )

for all X,Y ∈ χ(M). The Ricci curvature is given by

r = S(e1, e1) + S(e2, e2) + S(e3, e3) = −(32/z2).

From the expressions of curvature tensor

S∗(e1, e1) = g(R(e1, e1)φe1, φe1) + g(R(e1, e2)φe2, φe1) = −(4/z2).

Similarly, we have

S∗(e1, e1) = −(4/z2), S∗(e2, e2) = −(4/z2), S∗(e3, e3) = 0

and S∗(ei, ej) = 0 for i 6= j and i, j = 1, 2, 3. From above

S∗(X,Y ) = −(4/z2)g(X,Y ) + (4/z2)η(X)η(Y ). (5.1)

Also from (3.10), we get the same S∗(X,Y ). For all X ∈ χ(M),

(φX)α+Xβ = (ξβ)η(X) holds. That is, gradβ − φ(gradα) = (ξβ)ξ.

Also, S∗ = Sφ. From (5.1), Sφ(X,Y ) = − 4
z2
g(φX, φY ) and M is weakly

φ-Einstein. Hence the Theorem 3.3 is verified.

Let V = −4
z
∂
∂z . By direct computations we obtain

[V, e1] = −(8/z2)e1, [V, e2] = −(8/z2)e2, [V, e3] = −(4/z2)e3.

we see that (£V g)(ei, ej) + 2S∗(ei, ej) + 2λg(ei, ej) = 0 holds for λ = − 4
z2

,

for all i, j = 1, 2, 3. Hence

(£V g)(X,Y ) + 2S∗(X,Y ) + 2λg(X,Y ) = 0

for all X,Y ∈ χ(M). This implies that g is an almost ∗-Ricci soliton.
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PROBLEM SECTION

In the last issue of the Math. Student Vol. 88, Nos. 1-2, January-June

(2019), we had invited solutions from the floor to the remaining one problem

12 of the MS, 87, 3-4, 2018 as well as to the eight new problems 1, 2, 3, 4,

5, 6, 7 and 8 presented therein, till October 31, 2019.

The status of the only remaining problem 12 of MS, 87, 3-4, 2018.

No solution is received from the floor to this problem and hence we are to

provide in this issue the Proposer’s solution to this problem. However, due

to unavoidable circumstances, the Proposer’s solution could not be received

in time, and hence it will be published in the next issue. In the meantime,

the readers can try to solve it till April 30, 2020.

The status of the new eight problems of MS, 88, 1-2, 2019.

1. We received from the floor one correct solution to the problem 2 and

we publish it here. We also publish Proposer’s solution to this problem as

it is solved by a different approach.

2. We received from the floor two correct solutions to the problem 4 and

we publish one of them here.

3. We did receive one solution to each of the problems 5, 6, 7 and 8, but

none of them was correct. No solutions were received from the floor to

the problems 1 and 3. There was some error in the Problem 7 so we now

present here the correct version of this problem. The Readers can try to

solve these problems till April 30, 2020.

In this issue we first present eight new problems. Solutions to these

problems as also to the remaining problems 1, 3, 5, 6, 8 and the corrected

problem 7 of MS, 88, 1-2, 2019, as also to the remaining one problem 12

of the MS, 87, 3-4, 2018 received from the floor till April 30, 2020 will be

published in the MS 89, 1-2, 2020 if approved by the Editorial Board.

The following problems are proposed by Prof. B. Sury, Stat-Math Unit,

ISI, Benguluru.

MS-2019, Nos. 3-4: Problem-1

© Indian Mathematical Society, 2019 .

165



166 PROBLEMS SECTION

Let the sequence {En} be defined by tan(t) + sec(t) =∑
n≥0Ent

n/n!. Show that En’s are positive integers. Find an inter-

pretation of En as counting permutations of 1, · · · , n of a particular

type.

MS-2019, Nos. 3-4: Problem-2

Prove that a cubic integer polynomial ax3 + bx2 + cx+ d where ad

is odd and bc is even must have an irrational root.

MS-2019, Nos. 3-4: Problem-3

Let un denote the number of essentially different ways to tile the

2n × 2n chess board with dominos (1x2 pieces). For instance u1 = 2.

Prove

un = 22n
2

n∏
r=1

n∏
s=1

(
cos2

rπ

2n+ 1
+ cos2

sπ

2n+ 1

)
.

MS-2019, Nos. 3-4: Problem 4

Find the number an of permutations σ of 1, · · · , n such that there

is NO triple i < j < k with σ(j) < σ(i) < σ(k). For instance, a2 = 2

while a3 = 5. Further, find all n for which an is odd.

MS-2019, Nos. 3-4: Problem 5

The mixed fraction 915742
638 equals 91 + 9 = 100. It involves all the

digits 1 to 9 once. Find all such mixed fraction expressions with the

value 100. Further, find mixed fractions for 20, 40 and 72 also.

MS-2019, Nos. 3-4: Problem 6 (Proposed by Prof. Ram Murty)

Prove that
∫ 1
0

x−1
log x dx is a transcendental number.

MS-2019, Nos. 3-4: Problem 7 (Proposed by Prof. J. R. Patadia)

If a set E = {nk : k = 1, 2, · · · } of natural numbers satisfy the

condition
nk+1

nk
≥ q > 1 for all k, then show that Supn∈N R2(E,n) <

∞, where R2(E,n) = number of different representations of n as n =

±nr ± ns, nr, ns ∈ E
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MS-2019, Nos. 3-4: Problem 8 (Proposed by Prof. R. P. Pakshirajan,

formerly of Mysore University, Mysore, Karnataka, through M. M. Shikare)

Let f be an absolutely continuous function defined on [0, 1], f(0) =

0 with Lebesgue derivative f ′. Let (f ′)2 be Lebesgue integrable. Then

show that limn→∞ 2n
∑2n

k=1{f( k
2n ) − f(k−12n )}2 exists and is equal to∫ 1

0 (f ′(t))2 dt.

The corrected version of the Problem 7, from MS, 88, 1-2, 2019.

For a positive integer n, a prime p ≤ n, and any 0 ≤ k < p, show

that the power of p dividing
∑

r≡k mod p
(
n
r

)
(−1)r is at least the greatest

integer ≤ (n− 1)/(p− 1).

Solution from the floor: MS-2019, Nos. 1-2, Prob.-2: Prove that

lim supn→∞ sinn = 1 and lim infn→∞ sinn = −1, n ∈ N.
Solution. (Submitted on 02 - 07 - 2019 by Supriya Saha; Ramkrishna

Mission’s Vivekanand Educational Research Institute, Belur Math, Howrah

- 711 202, West Bengal; E-mail: sahasupriya2020@outlook.com).

Let us denote bnc2π = x, where 0 ≤ x < 2π. Let S = {x : x =

bnc2π, n ∈ N}. If we can find a sequence {an} in S converging to π
2 , then

the sequence {sin(an)} will converge to 1. I will first prove the following.

Observation 1: If n1, n2 are natural numbers and n1 6= n2, then bn1c2π 6=
bn2c2π.

Let n1 6= n2 and bn1c2π = bn2c2π = x, 0 ≤ x < 2π . Then n1 = 2k1π+x

and n2 = 2k2π + x for some distinct natural numbers k1, k2. But then,
n1−n2
2k1−2k2 = π, implying π a rational number. So, bn1c2π 6= bn2c2π.

Observation 2: If m,n, b ∈ N and 0 ≤ b < m then bnc2π 6= 2π b
m .

Let us assume, for some m,n ∈ N, we have bnc2π = 2πb
m . Then n =

2kπ+ 2πb
m , k ∈ N. So we have, nm = 2kmπ+ 2πb, nm

2km+2b = π. Again, this

implies π is a rational number. So bnc2π 6= 2π b
m .

Next, for an m ∈ N divide the interval [0, 2π] in m equal partitions.

[0, 2π] = [0, 2πm ]∪[2πm ,
4π
m ]∪...∪[2π.(m−1)m , 2π]. Let us name the subintervals as

[0, 2πm ] = I1, [2πm ,
4π
m ] = I2,..., [2π.(m−1)m , 2π] = Im. Each of these subintervals

is of length 2π
m .

Claim 1: For each m ∈ N, we can find n ∈ N such that 0 < bnc2π < 2π
m .

mailto:sahasupriya2020@outlook.com
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Consider the first (m+1) numbers of the set S. Each of them must

belong to one of the m subintervals. By pigeon-hole-principle, one of the

sub-intervals must contain more than one element from the first (m + 1)

elements of S. Let us say, bn1c2π = x1, bn2c2π = x2 ∈ Ij for some j < m.

Without lose of generality, let n1 > n2. If x1 > x2, then n3 = (n1 − n2) is

our required n. Then we have bn3c2π = (x1 − x2) < 2π
m .

If x2 > x1, bn3c2π = 2π − (x2 − x1), |(x2 − x1)| < 2π
m . Let |x2 − x1| = x3.

Z = {z ∈ N : zx3 ∈ Im}. The set Z is not empty. Also, the set has a

maximum element. Let the maximum element be pm. Then, 2π(m−1)
m <

pmx3 < 2π and (pm + 1)x3 > 2π. Now consider the natural number pmn3.

bpmn3c2π=bpm(2π − x3)c2π=b2π(pm − 1) + 2π − pmx3c2π= (2π − pmx3).
Now, 0 < (2π − pmx3) < 2π

m . So, bpmn3c2π ∈ I1.
The above result holds for any m ∈ N.

claim 2: For a each m and each Ik where k < m, we can find at least one

natural number n, such that, bnc2π ∈ Ik.
Choose m ∈ N. Now pick n ∈ N such that bnc2π = x < 2π

m . bnc2π ∈ I1.
Then n = 2kπ + x for some k ∈ N. Consider the set Z2 = {z ∈ N :

zx < 2π
m }. The set Z2 is non-empty, it has a maximum element, say p2.

That means p2x <
2π
m and (p2 + 1)x > 2π

m . Also 1, 2, 3..., p2 ∈ Z2. Now,

(p2 + 1)x = p2x+ x < 2π
m + 2π

m = 4π
m . This implies b(p2 + 1)nc2π ∈ I2.

Similarly, Z3 = {z ∈ N : zx < 4π
m }. It is non-empty. Then let us say it has

a maximum element say p3.
4π
m < (p3 + 1)x = p3x+ x < 4π

m + 2π
m = 6π

m .

So by continuing this way, we establish that for any m ∈ N each subinterval

of length 2π
m contains some element from the set {bnc2π}.

Claim 3: The set {bnc2π} is dense in [0, 2π].

Every open set U in [0, 2π] contains an interval of the form (a, b). We can

choose a point 2πp
q with q sufficiently large, so that (2πpq ,

2π(p+1)
q ) ⊂ (a, b).

Then U ∩ {bnc2π} 6= φ. So {bnc2π} is dense in [0, 2π].

So, we can construct a sequence {an} converging to π
2 . So lim supn→∞sin(n) =

1. Similarly, we can construct a sequence {bn} converging to 3π
2 . Then we

will have lim infn→∞sin(n) = −1. �

Prof. Ram Murty who proposed the problem gave another solution to the

problem. The solution provided by Prof. Murty follows.

Proposer’s Solution. Clearly, the problem reduces to the study of special

rational approximations to π/2 and 3π/2. It is convenient to first prove a

general equidistribution result. Let θ be an irrational number. Then, the
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sequence of fractional parts {(4k+ 1)θ} is uniformly distributed modulo 1.

This is evident from Weyl’s criterion. Recall that this criterion states that

a sequence of numbers xk is uniformly distributed modulo 1 if and only if

for every natural number m,∑N

k=1
e2πimxk = o(N),

as N → ∞. In particular, this can be applied to θ = π/2 to deduce that

given any ε with 0 < ε < 1, for infinitely many k, we have

0 < (4k + 1)π/2− [(4k + 1)π/2] < ε,

where the notation [x] denotes the greatest integer less than or equal to x.

Letting n = [(4k+1)π/2], we see upon using the familiar addition formulas

for the trigonometric functions, sinn > cos ε for infinitely many n. The lim

sup result is now immediate. The proof of the lim inf assertion is similar.

Solution from the floor: MS-2019, Nos. 1-2, Prob.-4: Prove that

xex =
∑∞

0

(
ex −

∑n

j=0
(xj/!)

)
.

Solution. (Submitted on 23 - 10 - 2019 by Prajnanaswaroopa S.;

Amrita University, Coimbatore - 641 112, Tamilnadu, India; E-mail:

sntrm4@rediffmail.com).

By straight expansion, we have the right hand side as

(ex − 1) + (ex − 1− x) + (ex − 1− x2

2!
) + . . .

= (
∑∞

n=1

xn

n!
+
∑∞

n=2

xn

n!
+
∑∞

n=3

xn

n!
+ . . .)

= x(
∑1

n=1

1

1!
) + x2(

∑2

n=1

1

2!
) + x3(

∑3

n=1

1

3!
) + . . .

=
∑∞

n=1
xn(

n

n!
) =

∑∞

n=1
xn

1

(n− 1)!

=
∑∞

n=0

xn+1

n!
= x

∑∞

n=0

xn

n!
= xex

which is the left hand side. �

Correct solution was also received from the floor from:

Subhash Chand Bhoria; on 28 - 09 - 2019; Village bakali, near Ladwa,

Kurukshetra - 136 132, Haryana, India; E-mail: scbhoriya@yahoo.com

The solution provided by him is more or less similar to the one given above.

———

mailto:sntrm4@rediffmail.com
mailto:scbhoriya@yahoo.com


170





FORM IV
(See Rule 8)

1. Place of Publication: PUNE

2. Periodicity of
publication: QUARTERLY

3. Printer’s Name: DINESH BARVE
Nationality: INDIAN
Address: PARASURAM PROCESS

38/8, ERANDWANE
PUNE-411 004, INDIA

4. Publisher’s Name: SATYA DEO
Nationality: INDIAN
Address: GENERAL SECRETARY

THE INDIAN MATHEMATICAL SOCIETY
HARISH CHANDRA RESEARCH INSTITUTE
CHHATNAG ROAD, JHUNSI
ALLAHABAD-211 019, UP, INDIA

5. Editor’s Name: M. M. SHIKARE
Nationality: INDIAN
Address: CENTER FOR ADVANCED STUDY IN

MATHEMATICS, S. P. PUNE UNIVERSITY
PUNE-411 007, MAHARASHTRA, INDIA

6. Names and addresses THE INDIAN MATHEMATICAL SOCIETY
of individuals who own
the newspaper and
partners or sharehold-
ers holding more than
1% of the total capital:

I, Satya Deo, hereby declare that the particulars given above are true to the best
of my knowledge and belief.

SATYA DEO
Dated: 27th November 2019 Signature of the Publisher

Published by Prof. Satya Deo for the Indian Mathematical Society, type set by
J. R. Patadia at 5, Arjun Park, Near Patel Colony, Behind Dinesh Mill, Shivanand
Marg, Vadodara - 390 007 and printed by Dinesh Barve at Parashuram Process,
Shed No. 1246/3, S. No. 129/5/2, Dalviwadi Road, Barangani Mala, Wadgaon
Dhayari, Pune 411 041 (India). Printed in India



The Mathematics Student ISSN: 0025-5742
Vol. 88, Nos. 3-4, July-December, (2019)

EDITORIAL BOARD
M. M. Shikare (Editor-in-Chief)

Center for Advanced Study in Mathematics
S. P. Pune University, Pune-411 007, Maharashtra, India

E-mail : msindianmathsociety@gmail.com

Bruce C. Berndt George E. Andrews
Dept. of Mathematics, University Dept. of Mathematics, The Pennsylvania
of Illinois 1409 West Green St. State University, University Park
Urbana, IL 61801, USA PA 16802, USA
E −mail : berndt@illinois.edu E −mail : gea1@psu.edu

M. Ram Murty N. K. Thakare

Queen′s Research Chair and Head C/o :
Dept. of Mathematics and Statistics Center for Advanced Study

Jeffery Hall, Queen′s University in Mathematics, Savitribai Phule
Kingston, Ontario, K7L3N6, Canada Pune University, Pune− 411007, India
E −mail : murty@mast.queensu.ca E −mail : nkthakare@gmail.com

Satya Deo Gadadhar Misra
Harish− Chandra Research Institute Dept. of Mathematics
Chhatnag Road, Jhusi Indian Institute of Science
Allahabad− 211019, India Bangalore− 560012, India
E −mail : sdeo94@gmail.com E −mail : gm@iisc.ac.in

B. Sury A. S. Vasudeva Murthy
Theoretical Stat. and Math. Unit TIFR Centre for Applicable Mathematics
Indian Statistical Institute P. B. No. 6503, GKV K Post Sharadanagara
Bangalore− 560059, India Chikkabommasandra,Bangalore− 560065, India
E −mail : surybang@gmail.com E −mail : vasu@math.tifrbng.res.in

S. K. Tomar Krishnaswami Alladi
Dept. of Mathematics, Panjab University Dept. of Mathematics, University of
Sector − 4, Chandigarh− 160014, India F lorida, Gainesville, FL32611, USA
E −mail : sktomar@pu.ac.in E −mail : alladik@ufl.edu

Subhash J. Bhatt L. Sunil Chandran
Dept. of Mathematics Dept. of Computer Science&Automation
Sardar Patel University Indian Institute of Science
V. V. Nagar − 388120, India Bangalore− 560012, India
E −mail : subhashbhaib@gmail.com E −mail : sunil.cl@gmail.com

J. R. Patadia T. S. S. R. K. Rao
5, Arjun Park, Near Patel Colony, Theoretical Stat. and Math. Unit
Behind Dinesh Mill, Shivanand Marg, Indian Statistical Institute
V adodara− 390007, Gujarat, India Bangalore− 560059, India
E −mail : jamanadaspat@gmail.com E −mail : tss@isibang.ac.in

Kaushal Verma C. S. Aravinda
Dept. of Mathematics TIFR Centre for Applicable Mathematics
Indian Institute of Science P. B. No. 6503, GKV K Post Sharadanagara
Bangalore− 560012, India Chikkabommasandra,Bangalore− 560065, India
E −mail : kverma@iisc.ac.in E −mail : aravinda@math.tifrbng.res.in

Indranil Biswas Timothy Huber
School of Mathematics, Tata Institute School of Mathematics and statistical Sciences
of Fundamental Research, Homi Bhabha University of Texas Rio Grande V alley, 1201
Rd., Mumbai− 400005, India West Univ. Avenue,Edinburg, TX78539 USA
E −mail : indranil29@gmail.com E −mail : timothy.huber@utrgv.edu

Clare D′Cruz Atul Dixit

Dept. of Mathematics, CMI, H1, SIPCOT AB 5/340, Dept. of Mathematics
IT Park, Padur P.O., Siruseri IIT Gandhinagar, Palaj, Gandhinagar−
Kelambakkam− 603103, Tamilnadu, India 382355, Gujarat, India
E −mail : clare@cmi.ac.in E −mail : adixit@iitg.ac.in

mailto:msindianmathsociety@gmail.com


THE INDIAN MATHEMATICAL SOCIETY
Founded in 1907

Registered Office: Center for Advanced Study in Mathematics
Savitribai Phule Pune University, Pune - 411 007

COUNCIL FOR THE SESSION 2019-2020

PRESIDENT: S. Arumugam, Kalasalingam University, Anand Nagar, Krishnankoil-
626190, (Via) Srivilliputtur, Dist. Virudunagar (TN), India

IMMEDIATE PAST PRESIDENT: Sudhir Ghorpade, Department of Mathematics,
I. I. T. Bombay-400 056, Powai, Mumbai (MS), India

GENERAL SECRETARY: Satya Deo, Harish-Chandra Research Institute, Chhatnag
Road, Jhunsi, Allahabad-211 019, UP, India

ACADEMIC SECRETARY: Peeyush Chandra, Professor (Retired), Department of
Mathematics & Statistics, I. I. T. Kanpur-208 016, Kanpur (UP), India

ADMINISTRATIVE SECRETARY: B. N. Waphare, Center for Advanced Study in
Mathematics, S. P. Pune University, Pune-411 007, Maharashtra, India

TREASURER: S. K. Nimbhorkar, (Formerly of Dr. B. A. M. University, Aurangabad),
C/O Dr. Mrs. Prachi Kulkarni, Ankur Hospital, Tilaknagar, Aurangabad-
431 001, Maharashtra, India

EDITOR: J. Indian Math. Society: Sudhir Ghorpade, Department of Mathemat-
ics, I. I. T. Bombay-400 056, Powai, Mumbai (MS), India

EDITOR: The Math. Student: M. M. Shikare, Center for Advanced Study in
Mathematics, S. P. Pune University, Pune-411 007, Maharashtra, India

LIBRARIAN: Sushma Agrawal, Director, Ramanujan Inst. for Advanced Study
in Mathematics, University of Madras, Chennai-600 005, Tamil Nadu, India

OTHER MEMBERS OF THE COUNCIL:

G. P. Singh: Dept. of Mathematics, V.N.I.T., Nagpur-440 010, Maharashtra, India

S. S. Khare: 521, Meerapur, Allahabad-211003, Uttar Pradesh, India

P. Rajasekhar Reddy: Sri Venkateswara University, Tirupati-517 502, A.P., India

Asma Ali: Dept. of Mathematics, Aligarh Muslim University, Aligarh-200 202, UP, India

G. P. Raja Sekhar: Dept. of Maths., IIT Kharagpur. Kharagpur-700 019, WB, India

Sanjib Kumar Datta: Dept. of Mathematics, Univ. of Kalyani, Kalyani-741 235, WB, India

S. Sreenadh: Dept. of Mathematics, Sri Venkateswara Univ., Tirupati-517 502, A.P., India

Nita Shah: Dept. of Mathematics, Gujarat University, Ahmedabad-380 009, Gujarat, India

S. Ahmad Ali: Dept. of Maths. & Comp. Sci., BBD Univ., Lucknow-226 028 (UP), India

Back volumes of our periodicals, except for a few numbers out of stock, are available.

Edited by M. M. Shikare and published by Satya Deo
for the Indian Mathematical Society.

Type set by J. R. Patadia at 5, Arjun Park, Near Patel Colony, Behind Dinesh Mill,
Shivanand Marg, Vadodara-390 007 and printed by Dinesh Barve at Parashuram
Process, Shed No. 1246/3, S. No.129/5/2, Dalviwadi Road, Barangani Mala, Wadgaon
Dhayari, Pune – 411 041, Maharashtra, India. Printed in India

Copyright c©The Indian Mathematical Society, 2019


	01-Front cvrs-31-05-19
	02-Frnt pgs-ii-31-05-19
	03-Frnt pgs iii-vi-cntnts-15-11-19
	04-NKT-on JRP-prfs-aproved-15-11-19
	E-5-Sarkar-proofs-aprvd-17-11-19-ovr
	1. Introduction
	2. Visualizing the mean by guessing
	3. Visualizing the mean without guessing
	4. Visualizing the MD
	5. Visualizing the SD
	6. Extensions
	7. Exercises
	References

	E-06-Ram-prfs-aprvd-05-11-19
	1. Cauchy-Schwarz inequality in mathematics
	2. A principle of duality
	3. The Heisenberg uncertainty principle
	4. The Cramér-Rao inequality
	References

	E-07-Dilpreet-prfs--aproved-05-11-19
	1. Introduction
	2. Bilinear forms and Quadratic froms
	2.1. Quadratic forms over fields of characteristic 2
	2.2. Alternating bilinear forms

	3. Extraspecial p-groups
	4. Classification of extraspecial p-groups
	4.1. Extraspecial 2-groups of order 8
	4.2. Extraspecial p-groups of order p3
	4.3. Central products

	References

	E-08-CGMoorthy-prfs-aprvd-05-11-19
	1. Introduction
	2. Modulus Function for Multiplication
	3. Rearrangements
	4. Unordered Products
	5. Tests For Convergence
	6. Matrices and Multiplicability
	7. Power Products
	8. Conclusion
	References

	E-09-Sethuraman-prfs-aprvd-05-11-19
	1. Introduction
	2. Factorization theorem
	3. Valuation on a division algebra
	References

	E-10-WU-XIANG-prfs-aprvd-15-11-19
	1. Appetizer
	2. Tiffin
	3. A strange goose
	3.1. Minimum light number
	3.2. Reachability of the phase spaces

	4. Some mathematical eggs
	4.1. Line graphs and cuspidal graphs
	4.2. Quardratic forms and bilinear forms
	4.3. Nuclei

	5. Origin of eggs
	6. A bite to go
	References

	R-11-Hassen-prfs-aprvd-05-11-19
	1. Introduction
	2. Fractional Bernoulli Numbers and Polynomials
	3. Higher order fractional Bernoulli polynomials and [-0.15 cm] Bernoulli numbers and some of their recurrences
	4. Determinant Representation of Bernoulli numbers and [-0.15 cm] polynomials of fractional index and their relation [-0.15 cm] with Hermite polynomials
	References

	R-12-Prem Chandra-Proofs-aprvd-05-11-19
	1. Introduction and statements of Theorems
	2. proofs of the theorems
	References

	R-13-Nayak-proofs-aprvd-05-11-19
	1. Introduction
	2. Preliminaries
	3. Proof of the Derivation Theorem
	4. Concluding Remarks
	References

	R-14-Tomar prfs-06-11-19
	1. Introduction
	2. Layer over a non-homogeneous transversely isotropic elastic half-space: Model-I
	3. Dry sandy layer over a non-homogeneous elastic half-space: Model-II
	4. Boundary conditions and dispersion equation
	4.1. Case of smooth contact interface
	4.2. Case of welded contact interface

	5. Numerical Results and Discussion
	6. Conclusions
	References

	R-15-Nimbran-prfs-aprved-05-11-19
	1. Introduction
	2. Sums via logarithmic function
	3. Sums via inverse tangent function
	4. Sums via inverse hyperbolic tangent function
	5. Sums via inverse sine function
	References

	R-16-Tiwari-Maitra-prfs-aprvd-05-11-19
	1. Introduction
	2. Preliminaries
	3. G*-local function of a set and its properties.
	References

	R-17-Sarkar-Biswas-prfs-aprvd-15-11-19
	1. Introduction
	2. Preliminaries
	3. *-Ricci tensor on trans-Sasakian manifolds
	4. Three dimensional trans-Sasakian manifolds admitting *-Ricci solitons
	5. Example
	References

	Z-18-Prob sec- 2019-part2-prfs -15-11-19
	Z-19-Form IV-10.5pt-05-11-19
	Z-20-RearCoverpages-10pt-18-11-19

